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Abstract:
As is well known, energy levels appearing in the highly degenerate spectra of the
AN´1 type of Haldane-Shastry and Polychronakos spin chains can be classified through
the motifs, which are characterized by some sequences of the binary digits like ‘0’ and ‘1’.
In a similar way, at present we classify all energy levels appearing in the spectra of the
BCN type of Polychronakos spin chains with Hamiltonians containing supersymmetric
analogue of polarized spin reversal operators. To this end, we show that the BCN type
of multivariate super Rogers-Szego¨ (SRS) polynomials, which at a certain limit reduce
to the partition functions of the later type of Polychronakos spin chains, satisfy some
recursion relation involving a q-deformation of the elementary supersymmetric polyno-
mials. Subsequently, we use a Jacobi-Trudi like formula to define the corresponding
q-deformed super Schur polynomials and derive a novel expression for the BCN type of
multivariate SRS polynomials as suitable linear combinations of the q-deformed super
Schur polynomials. Such an expression for SRS polynomials leads to a complete classi-
fication of all energy levels appearing in the spectra of the BCN type of Polychronakos
spin chains through the ‘branched’ motifs, which are characterized by some sequences
of integers of the form pδ1, δ2, ..., δN´1|lq, where δi P t0, 1u and l P t0, 1, ..., Nu. Finally,
we derive an extended boson-fermion duality relation among the restricted super Schur
polynomials and show that the partition functions of the BCN type of Polychronakos
spin chains also exhibit similar type of duality relation.
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1. Introduction
The interplay between symmetry and exact solvability in one-dimensional quantum
spin chains with long-range interactions [1–27] has recently attracted a lot of attention
due to its relevance in apparently diverse topics of physics and mathematics. Indeed,
there are many important applications of this type of spin chains in various subjects
like quantum electric transport phenomena [28, 29], condensed matter systems obeying
generalized exclusion statistics [5, 27, 30], random matrix theory [31], ‘infinite matrix
product states’ in conformal field theory [32–37], planar N “ 4 super Yang–Mills the-
ory [38–40] and Yangian quantum groups [4, 5, 10, 16, 18]. The study of such exactly
solvable spin chains with long-range interactions was initiated through the pioneering
works of Haldane and Shastry [1, 2]. They derived the exact spectrum of a spin-1
2
chain
with lattice sites equally spaced on a circle and spins interacting with each other through
a pairwise exchange interaction, inversely proportional to the square of their chord dis-
tances. An astonishing feature of this su(2) Haldane-Shastry (HS) spin chain and its
su(m|n) supersymmetric generalizations is that they exhibit Yangian quantum group
symmetry even for finite number of lattice sites. As a result, the degenerate multiplets
(formed due to Yangian symmetry) in the energy spectra of these spin chains can be
classified in an efficient way by using specific sequences of the binary digits ‘0’ and ‘1’,
which are known as ‘motifs’ in the literature [3, 4]. These motifs in fact characterize a
class of irreducible representations of the Yangian algebra, which span the Fock space
of the HS spin chains.
Interestingly, the Hamiltonian of su(m|n) HS spin chain may be obtained from that
of su(m|n) spin Sutherland model where the particles are equipped with both the dy-
namical and the spin degrees of freedom [6, 7]. In the limit of large coupling constant,
the spin part of the Hamiltonian of this spin-dynamical model decouples from the dy-
namical part and reduces to the Hamiltonian of the HS spin chain. This technique
of obtaining a spin chain from a spin-dynamical model in the limit of large coupling
constant has a wide range of applicability for the case of integrable systems. Indeed,
by using this technique, another spin chain with long-range interaction was derived by
Polychronakos from the spin Calogero model with confining harmonic potential [7]. In
this case, the lattice sites are inhomogeneously placed on a line and given by the roots
of the N -th order Hermite Polynomial for N number of sites [8]. Such a spin chain
is known as Polychronakos or Polychronakos-Frahm (PF) spin chain in the literature.
The Hamiltonian of the su(m|n) supersymmetric version of ferromagnetic PF spin chain
with N number of sites is given by [12]
H
pm|nq
N “
ÿ
1ďiăjďN
1´ P pm|nqij
pρi ´ ρjq2 , (1.1)
where P
pm|nq
ij is a supersymmetric spin exchange operator which interchanges the spins
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of the i-th and j-th lattice sites (along with a phase factor), and ρi is the i-th root of the
N -th order Hermite polynomial. It may be noted that, for n “ 0, (1.1) simply reduces
to the Hamiltonian of the su(m) ferromagnetic PF spin chain. Similar to the case of
su(m|n) supersymmetric HS spin chain, the PF spin chain (1.1) also exhibits Y pglm|nq
super Yangian quantum group symmetry for any value of N [13]. As a result, degenerate
multiplets appearing in the spectra of these spin chains can again be classified through
the motifs.
Since the spin and coordinate degrees of freedom of the spin dynamical models re-
lated to the above mentioned PF and HS spin chains are decoupled from each other
in the strong coupling limit, the partition functions of these spin chains can be com-
puted by using the so called ‘freezing trick’ [9, 12, 14, 15]. More precisely, the partition
function of such a spin chain is obtained by taking the ratio of the partition func-
tion of the corresponding spin dynamical model to that of its spinless version in the
strong coupling limit. However, it should be noted that, the partition functions of the
spin chains obtained by using the freezing trick do not directly lead to the motif rep-
resentation of the corresponding spectra. For this purpose, it is necessary to define
the so-called generalized partition functions (which reproduce the standard partition
functions at a certain limit) and to apply different techniques for expressing those gen-
eralized partition functions in terms of Schur polynomials associated with the motifs
[11, 13, 16]. By using such expressions of the generalized partition functions, one can
immediately identify all degenerate multiplets within the spectra of the corresponding
spin chains and write down the energy eigenvalues related to all motifs. Moreover, by
applying a rather general framework, it is possible to show that all energy eigenval-
ues for a class of HS like Yangian invariant quantum spin chains can be reproduced
from the energy functions of some one-dimensional classical vertex models having only
local interactions [18]. The above mentioned equivalence between the eigenvalues of
Yangian invariant spin chains with long-range interactions and energy functions of one-
dimensional vertex models with only local interactions can be extended even in the
presence of chemical potentials [19, 20]. As a result, by using transfer matrices asso-
ciated with those vertex models, one can calculate various thermodynamic quantities
of this type of spin chains even in the presence of chemical potentials and investigate
the critical properties of those systems [19, 20, 41, 42]. Thus the expressions of the
generalized partition functions in terms of Schur polynomials lead to a powerful method
for classifying the degenerate multiplets of the corresponding spectra and for studying
various thermodynamic properties of the related spin chains.
It may be noted that some homogeneous multivariate Rogers-Szego¨ (RS) polynomi-
als, which can be expressed in terms of Schur polynomials, play the role of generalized
partition functions for the case of non-supersymmetric PF spin chains [10, 11, 43]. Sim-
ilarly, for the case of su(m|n) supersymmetric PF spin chain (1.1) with N number of
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lattice sites, one can define a multivariate super RS (SRS) polynomial of the form [13]
H
pm|nq
A,N px,y; qq “
ÿ
ai,bj P Zě0
mř
i“1
ai`
nř
j“1
bj“N
pqqN ¨ q
nř
j“1
bj pbj´1q
2
mź
i“1
x
ai
i
pqqai
nź
j“1
y
bj
j
pqqbj
, (1.2)
where Zě0 represents the set of non-negative integers, x ” x1,x2, ¨ ¨ ¨ ,xm and y ”
y1,y2, ¨ ¨ ¨ ,yn represent two different sets of variables, q is a free parameter and pqqn ”
p1´qqp1´q2q ¨ ¨ ¨ p1´qnq. This SRS polynomial reduces to the partition function of the su-
persymmetric PF spin chain (1.1) at temperature T in the limit x1 “ x2 “ ¨ ¨ ¨ “ xm “ 1,
y1 “ y2 “ ¨ ¨ ¨ “ yn “ 1 and for q “ e´1{pkBT q. Moreover, such SRS polynomials cor-
responding to supersymmetric PF chains with different numbers of lattice sites (N),
but fixed values of internal degrees of freedom (m and n), satisfy some recursion re-
lations which lead to the desired expression of these polynomials through super Schur
polynomials [13]. Hence these SRS polynomials can be treated as generalized partition
functions for the supersymmetric PF spin chains.
In view of the above discussion, it is natural to ask whether multivariate RS or
SRS polynomials can be used to analyse the spectra and partition functions of some
other PF like spin chains. In this context it may be noted that, quantum integrable
systems with long-range interactions can be classified according to their connections
with different root systems related to the Lie algebra [44, 45]. In particular, the HS and
PF spin chains which have been discussed so far are associated with the AN´1 type of
root system. However, several exactly solvable variants of the PF spin chain, related to
the BCN and DN root systems, have also been studied in the literature [22, 25, 26, 46].
The Hamiltonians of the PF spin chains related to the latter type of root systems
contain reflection operators like Si (i “ 1, . . . , N), which satisfy the condition S2i “ 1l
and yield a representation of some elements belonging to the BCN or DN type of Weyl
algebra. As a special case, Si can be taken as the spin reversal operator Pi which flips
the sign of the spin component on the i-th lattice site. Partition functions of non-
supersymmetric BCN and DN types of PF spin chains, containing such spin reversal
operators in their Hamiltonians, have been derived by using the freezing trick [25, 46].
Moreover, by taking reflection operators as supersymmetric analogue of spin reversal
operators (SASRO), partition functions of corresponding PF spin chains related to the
BCN root system have also been computed by using the freezing trick [26].
However, it is possible to generate wider variants of BCN or DN type of PF spin
chains by choosing the reflection operators in more general way than the above men-
tioned spin reversal operators and their supersymmetric analogues. For example, in
the non-supersymmetric case, one can choose these reflection operators as arbitrarily
polarized spin reversal operators (PSRO) denoted by P
pm1,m2q
i , where m1, m2 P Zě0 .
This P
pm1,m2q
i acts as an identity operator on the first m1 number of elements of the
spin basis and as an identity operator with a negative sign on the remaining m2 number
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of elements of the spin basis [47]. It can be shown that, in some particular cases like
m1 “ m2 or m1 “ m2 ˘ 1, P pm1,m2qi reduces to the spin reversal operator Pi through a
similarity transformation. Choosing the reflection operators as such PSRO, new variants
of BCN and DN type of PF spin chains have been obtained and the partition functions
of these spin chains have also been calculated by using the freezing trick [47, 48]. Finally,
by choosing the reflection operators as supersymmetric analogues of PSRO (SAPSRO),
an even larger class of BCN type of PF spin chains have been obtained [49]. These
BCN type of PF spin chains with SAPSRO can generate all of the previously obtained
BCN type of PF spin chains at different limits. The partition functions of these BCN
type of PF spin chains with SAPSRO have also been computed by using the freezing
trick. Furthermore, it has been observed that such partition functions can be obtained
by taking a certain limit of some BCN type of multivariate SRS polynomials depending
on four different sets of variables [50].
In spite of the above mentioned works on BCN type of PF spin chains, the important
problem of classifying the degenerate multiplets of the corresponding spectra through
some motif like representations have not been addressed so far. The main purpose of
the present paper is to solve this problem by using a novel expression for BCN type of
multivariate SRS polynomials through some q-deformation of super Schur polynomials.
The arrangement of this paper is as follows. In Section 2 of this paper, we define the
Hamiltonian of the BCN type of ferromagnetic PF spin chains with SAPSRO and briefly
summarize some known properties of corresponding multivariate SRS polynomials. In
Section 3, we show that these BCN type of SRS polynomials satisfy some recursion
relations involving a particular type of q-deformation of elementary supersymmetric
polynomials. In Section 4, we use an analogue of the Jacobi-Trudi formula to define
a q-deformed version of the super Schur polynomials in terms of the above mentioned
q-deformed elementary supersymmetric polynomials. Subsequently, we expand those
q-deformed super Schur polynomials as a power series of the parameter q to obtain
the ‘restricted’ super Schur polynomials and also present some combinatorial form of
such restricted super Schur polynomials. In Section 5, we derive novel expressions for
the BCN type of SRS polynomials through q-deformed super Schur polynomials and
restricted super Schur polynomials. Such expressions for these SRS polynomials lead
to a complete classification of the degenerate multiplets in the spectra of BCN type of
ferromagnetic PF spin chains through the ‘branched’ motifs. For a spin chain with N
number of lattice sites, these branched motifs may be written as pδ1, δ2, ..., δN´1|lq, where
δi P t0, 1u and l P t0, 1, ..., Nu. In Section 6, we briefly discuss similar classification of
the degenerate multiplets in the spectra of BCN type of anti-ferromagnetic PF spin
chains. In section 7, we use an extended boson-fermion duality relation of the restricted
super Schur polynomials to show that the partition functions of BCN type of PF spin
chains also exhibit similar duality relation. Section 8 is the concluding section.
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2. BCN type of ferromagnetic PF spin chains and SRS polynomials
To describe a class of BCN type of PF spin chains on a superspace, let us consider a
set of operators like A:jα (Bjα) which creates (annihilates) a particle of species α on the
j-th lattice site. Let us assume that these creation (annihilation) operators are bosonic
when α P r1, 2, ...., ms and fermionic when α P rm` 1, m` 2, ...., m` ns. The parity of
these operators are defined as
πpAjαq “ πpA:jαq “ 0 for α P r1, 2, ...., ms ,
πpAjαq “ πpA:jαq “ 1 for α P rm` 1, m` 2, ...., m` ns ,
and they satisfy the following commutation (anti-commutation) relations:
rAjα, Akβs˘ “ 0 , rA:jα, A:kβs˘ “ 0 , rAjα, A:kβs˘ “ δjkδαβ , (2.1)
where rA,Bs˘ ” AB ´ p´1qπpAqπpBqAB. Now, let us consider a finite dimensional
subspace of the corresponding Fock space, where each lattice site accommodates only
one particle, i.e.,
řm`n
α“1 A
:
jαAjα “ 1 for all j P t1, 2, ¨ ¨ ¨ , Nu. The supersymmetric spin
exchange operator Pˆ
pm|nq
ij can be defined on this subspace as [5]
Pˆ
pm|nq
ij ”
m`nÿ
α,β“1
A
:
iαA
:
jβAiβAjα . (2.2)
The above mentioned supersymmetric spin exchange operator can equivalently be
expressed as an operator on the total internal space of N number of spins, denoted by
Σpm1,m2|n1,n2q, where m1, m2, n1, n2 P Zě0 satisfying the conditions m1 ` m2 “ m
and n1 ` n2 “ n [51, 49]. This Σpm1,m2|n1,n2q is spanned by some orthonormal state
vectors of the form |s1, ¨ ¨ ¨ , si, ¨ ¨ ¨ , sNy, where each local spin si P S ” t1, 2, ..., m` nu
is endowed with two different types of parities. For the sake of defining these parities,
it is convenient to write S as the union of four sets given by
S
pm1q
`,` “ t1, 2, ..., m1u ,
S
pm2q
`,´ “ tm1 ` 1, m1 ` 2, ..., m1 `m2u ,
S
pn1q
´,` “ tm1 `m2 ` 1, m1 `m2 ` 2, ..., m1 `m2 ` n1u ,
S
pn2q
´,´ “ tm1 `m2 ` n1 ` 1, m1 `m2 ` n1 ` 2, ..., m1 `m2 ` n1 ` n2u.
(2.3)
The boson-fermion type parity of the local spin si is defined as
πpsiq “ 0 if si P Spm1q`,` Y Spm2q`,´ ,
“ 1 if si P Spn1q´,` Y Spn2q´,´ ,
(2.4)
and another parity of si, related to the action of SAPSRO, is defined as
fpsiq “ 0, if si P Spm1q`,` Y Spn1q´,` ,
“ 1, if si P Spm2q`,´ Y Spn2q´,´ .
(2.5)
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Indeed the SAPSRO, denoted by P
pm1,m2|n1,n2q
i , acts on the basis vectors of the space
Σpm1,m2|n1,n2q as [49]
P
pm1,m2|n1,n2q
i |s1, ¨ ¨ ¨ , si, ¨ ¨ ¨ , sNy “ p´1qfpsiq|s1, ¨ ¨ ¨ , si, ¨ ¨ ¨ , sNy. (2.6)
Since each local spin vector si may be chosen in pm ` nq number of different ways,
Σpm1,m2|n1,n2q can be expressed as a direct product of the form
Σpm1,m2|n1,n2q ” Cm`n b Cm`n b ¨ ¨ ¨ b Cm`nloooooooooooooooomoooooooooooooooo
N
, (2.7)
where Cm`n is an pm ` nq-dimensional complex vector space. Hence Σpm1,m2|n1,n2q is
isomorphic to the subspace of the Fock space, on which Pˆ
pm|nq
ij in (2.2) is defined. A
supersymmetric spin exchange operator P
pm|nq
ij can be defined on the space Σ
pm1,m2|n1,n2q
as [15, 51]
P
pm|nq
ij |s1, ¨ ¨ ¨ , si, ¨ ¨ ¨ , sj , ¨ ¨ ¨ , sNy “ p´1qαijpsq|s1, ¨ ¨ ¨ , sj, ¨ ¨ ¨ , si, ¨ ¨ ¨ , sNy, (2.8)
where αijpsq “ πpsiqπpsjq` pπpsiq ` πpsjqq ρijpsq and ρijpsq “
řj´1
k“i`1 πpskq. The above
equation implies that if two spins si and sj with πpsiq “ πpsjq “ 0 or πpsiq “ πpsjq “ 1
are exchanged, then one gets a phase factor of 1 or ´1 respectively. Hence si can be
considered as a ‘bosonic’ spin if πpsiq “ 0 and a ‘fermionic’ spin if πpsiq “ 1. However, it
must be noted that the exchange of a bosonic spin with a fermionic spin (or, vice versa)
produces a nontrivial phase factor of p´1qρijpsq, where ρijpsq represents the number
of fermionic spins between the i-th and j-th lattice sites. Applying the commutation
(anti-commutation) relations given in (2.1), one can easily show that Pˆ
pm|nq
ij in (2.2) is
completely equivalent to P
pm|nq
ij in (2.8).
It may be noted that, P
pm|nq
ij in (2.8) and P
pm1,m2|n1,n2q
i in (2.6) yield a representation
of the BCN type of Weyl algebra [49]. Using this representation of Weyl algebra, the
Hamiltonian of a class of exactly solvable BCN type of ferromagnetic PF spin chains
has been defined in the latter reference as
H
pm1,m2|n1,n2q
N “
Nÿ
i,j“1
i‰j
«
1´ P pm|nqij
pξi ´ ξjq2 `
1´ rP pm1,m2|n1,n2qij
pξi ` ξjq2
ff
` β
Nÿ
i“1
1´ P pm1,m2|n1,n2qi
ξ2i
, (2.9)
where β ą 0 is a real parameter, ξi “
?
2yi with yi being the i-th root of the generalized
Laguerre polynomial Lβ´1N and
rP pm1,m2|n1,n2qij ” P pm1,m2|n1,n2qi P pm1,m2|n1,n2qj P pm|nqij . The
above mentioned Hamiltonian is able to reproduce all of the previously studied BCN
type of PF spin chains for different values of the discrete parameters m1, m2, n1 and
n2. For example, in the case when all the spins are either bosonic or fermionic, i.e.,
either n1 “ n2 “ 0 or m1 “ m2 “ 0, Hpm1,m2|n1,n2qN given by (2.9) reduces to the non-
supersymmetric PF spin chain containing PSRO [47]. Moreover, in another case, where
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the discrete parameters in (2.9) satisfy the following relations:
m1 “ 1
2
pm` ǫ m˜q , m2 “ 1
2
pm´ ǫ m˜q , n1 “ 1
2
pn ` ǫ1 n˜q , n2 “ 1
2
pn ´ ǫ1 n˜q , (2.10)
with ǫ, ǫ1 “ ˘1, m˜ ” m mod 2 and n˜ ” n mod 2, one can obtain the Hamiltonian
(depending on the parametersm,n, ǫ, ǫ1) of the BCN type of PF spin chains with SASRO
[26] by using a unitary transformation [49].
Expanding the grand canonical partition function of the corresponding spin Calogero
model as a power series of the fugacity parameter and applying the freezing trick, the
canonical partition function of the BCN type of ferromagnetic PF spin chain (2.9) has
been derived in the form [50]
Z
pm1,m2|n1,n2q
B,N pqq “
ÿ
ai, bj , ck, dl P Zě0
m1ř
i“1
ai`
m2ř
j“1
bj`
n1ř
k“1
ck`
n2ř
l“1
dl“N
pq2qN ¨ q
m2ř
j“1
bj`
n1ř
k“1
ckpck´1q`
n2ř
l“1
d2
l
m1ś
i“1
pq2qai
m2ś
j“1
pq2qbj
n1ś
k“1
pq2qck
n2ś
l“1
pq2qdl
, (2.11)
where q ” e´1{pkBT q and, for the sake of convenience, the above partition function is
defined as a function of q instead of T . It may be noted that this partition function does
not depend on the parameter β which is present in the Hamiltonian (2.9). Motivated
by the form of this partition function, a class of BCN type of SRS polynomials has also
been introduced in the later reference as
H
pm1,m2|n1,n2q
B,N px, x¯; y, y¯; qq
“
ÿ
ai, bj , ck, dl P Zě0
m1ř
i“1
ai`
m2ř
j“1
bj`
n1ř
k“1
ck`
n2ř
l“1
dl“N
pq2qN ¨ q
m2ř
j“1
bj`
n1ř
k“1
ckpck´1q`
n2ř
l“1
d2
l ¨
m1ź
i“1
xaii
pq2qai
m2ź
j“1
px¯jqbj
pq2qbj
n1ź
k“1
yckk
pq2qck
n2ź
l“1
py¯lqdl
pq2qdl
,
(2.12)
(with H
pm1,m2|n1,n2q
B,0 px, x¯, y, y¯; qq “ 1), where x ” x1, x2, ¨ ¨ ¨ , xm1 , x¯ ” x¯1, x¯2, ¨ ¨ ¨ , x¯m2 ,
y ” y1, y2, ¨ ¨ ¨ , yn1 and y¯ ” y¯1, y¯2, ¨ ¨ ¨ , y¯n2 denote four different sets of variables. It is
evident that the partition function (2.11) can be obtained by taking a limit of the SRS
polynomial (2.12) as
Z
pm1,m2|n1,n2q
B,N pqq “ Hpm1,m2|n1,n2qB,N px “ 1, x¯ “ 1, y “ 1, y¯ “ 1; qq. (2.13)
The generating function corresponding to the BCN type of SRS polynomials (2.12) has
been defined as [50]
G
pm1,m2|n1,n2q
B px, x¯; y, y¯; q, tq “ Gpm1q1 px; q, tq ¨ Gpm2q2 px¯; q, tq ¨ Gpn1q3 py; q, tq ¨ Gpn2q4 py¯; q, tq ,
(2.14)
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where
G
pm1q
1
px; q, tq “ 1m1ś
i“1
ptxi; q2q8
, (2.15a)
G
pm2q
2
px¯; q, tq “ 1m2ś
j“1
ptqx¯j; q2q8
, (2.15b)
G
pn1q
3
py; q, tq “ 1n1ś
k“1
p´tq´2yk; q´2q8
, (2.15c)
G
pn2q
4
py¯; q, tq “ 1n2ś
l“1
p´tq´1y¯l; q´2q8
, (2.15d)
and the notation pt; qq8 ”
8ś
i“1
p1 ´ tqi´1q has been used. Expanding the generating
function (2.14) as a power series of the parameter t by using the identity [52]
1
pt; qq8 “
8ÿ
N“0
tN
pqqN , (2.16)
one can show that
G
pm1,m2|n1,n2q
B px, x¯; y, y¯; q, tq “
8ÿ
N“0
H
pm1,m2|n1,n2q
B,N px, x¯; y, y¯; qq
pq2qN t
N . (2.17)
Using this generating function, some recursion relations for the BCN type of SRS poly-
nomials associated with different number of lattice sites and internal degrees of freedom
have been found in Ref. [50]. However, one can not use such recursion relations for
expressing the BCN type of SRS polynomials through some super Schur like polynomi-
als. So, in the next section, we shall derive a different type of recursion relations for
the BCN type of SRS polynomials involving different number of lattice sites (N), but
with fixed values of the internal degrees of freedom pm1, m2, n1, n2q. This later type of
recursion relation will enable us to express the BCN type of SRS polynomials through
some q-deformation of super Schur polynomials.
3. Novel recursion relations for BCN type of SRS polynomials
For the purpose of deriving recursion relations for the BCN type of SRS polynomials,
involving different number of lattice sites at fixed values of internal degrees of freedom,
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we may proceed in the following way. By using (2.15a), we obtain
G
pm1q
1
px; q, tq “ 1m1ś
i“1
tp1 ´ txiqp1´ q2txiqp1´ q4txiq ¨ ¨ ¨ u
“ 1m1ś
i“1
p1´ txiq
m1ś
i“1
pq2txi; q2q8
,
which implies that
G
pm1q
1
px; q, q2tq “
m1ź
i“1
p1´ txiq ¨ Gpm1q1 px; q, tq. (3.1)
Similarly, by using (2.15b), one can show that
G
pm2q
2
px¯; q, q2tq “
m2ź
j“1
p1´ tqx¯jq ¨ Gpm2q2 px¯; q, tq (3.2)
Next, by using (2.15c), we obtain
G
pn1q
3
py; q, tq “ 1n1ś
k“1
tp1` tykq´2qp1` tykq´4q ¨ ¨ ¨ u
“
n1ś
k“1
p1` tykq
n1ś
k“1
tp1` tykqp1` tykq´2qp1` tykq´4q ¨ ¨ ¨ u
,
which implies that
G
pn1q
3
py; q, q2tq “
n1ź
k“1
1
p1` tykq G
pn1q
3
py; q, tq. (3.3)
Similarly, by using (2.15d), we find that
G
pn2q
4
py¯; q, q2tq “ 1n2ś
l“1
p1` tqy¯lq
G
pn2q
4
py¯; q, tq. (3.4)
Combining Eqs. (3.1), (3.2), (3.3) and (3.4), and using the definition of the generating
function (2.14), we obtain the following q2-difference relation
G
pm1,m2|n1,n2q
B px, x¯; y, y¯; q, q2tq “
m1ś
i“1
p1´ txiq
m2ś
j“1
p1´ tqx¯jq
n1ś
k“1
p1` tykq
n2ś
j“1
p1` tqy¯lq
G
pm1,m2|n1,n2q
B px, x¯; y, y¯; q, tq.
(3.5)
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In this context it may be noted that, the generating function G
pm|nq
A px,y; q, tq for the
AN´1 type of SRS polynomials satisfies a similar q-difference relation given by [13]
G
pm|nq
A px,y; q, qtq “
mś
i“1
p1´ txiq
nś
j“1
p1` tyjq
G
pm|nq
A px,y; q, tq. (3.6)
The product
mś
i“1
p1 ´ txiq appearing in the above equation can be expanded as a poly-
nomial in t as
mź
i“1
p1´ txiq “
mÿ
r“0
p´1qr tr epmqr pxq , (3.7)
where
epmqr pxq ”
ÿ
1ďα1ăα2ă¨¨¨ăαrďm
xα1xα2 ¨ ¨ ¨xαr ,
and e
pmq
0
pxq “ 1. This epmqr pxq is known as the elementary symmetric polynomial of
m-variables (x1, ...,xm) with degree r, which vanishes for r ą m. For the special case
x “ 1, this polynomial reduces to
epmqr pxq|x“1 “ Cmr , (3.8)
with Cmr being the binomial coefficient. Similarly, the product
nś
j“1
1
p1`tyjq
can be ex-
panded as an infinite power series of t as
nź
j“1
1
p1` tyjq “
8ÿ
r“0
p´1qr tr hpnqr pyq , (3.9)
where
hpnqr pyq ”
ÿ
l1`...`ln“r
l1,¨¨¨ ,lnPZě0
nź
i“1
y
li
i
(and h
pnq
0
pyq “ 1) is known as the completely symmetric polynomial of n-variables with
degree r. It may be noted that
hpnqr pyq|y“1 “ Cn`r´1r , (3.10)
which is non-zero for any non-negative value of r. Combining Eqs. (3.7) and (3.9), one
obtains
mś
i“1
p1´ txiq
nś
j“1
p1` tyjq
“
8ÿ
k“0
p´1qk tk Epm|nqk px;yq , (3.11)
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where the elementary supersymmetric polynomial E
pm|nq
k px;yq is defined as
E
pm|nq
k px;yq ”
kÿ
l“0
e
pmq
l pxq hpnqk´lpyq. (3.12)
Substituting (3.11) into Eq. (3.6), and also using the expansion of G
pm|nq
A px,y; q, tq in
terms of the corresponding SRS polynomials (1.2), it has been found that these polyno-
mials satisfy a recursion relation of the form [13]
H
pm|nq
A,N px,y; qq “
Nÿ
k“1
p´1qk`1 pqqN´1pqqN´k ¨ E
pm|nq
k px;yq ¨Hpm|nqA,N´kpx,y; qq . (3.13)
At present, our goal is to find out an analogue of the recursion relation (3.13) for
the case of BCN type of SRS polynomials. To this end, we use the expansion (3.7) to
obtain
m1ź
i“1
p1´ txiq
m2ź
j“1
p1´ tqx¯jq “
m1`m2ÿ
k“0
p´1qk tk epm1,m2qk px, x¯; qq , (3.14)
where e
pm1,m2q
k px, x¯; qq is defined as
e
pm1,m2q
k px, x¯; qq ”
kÿ
r“0
qk´r epm1qr pxq epm2qk´r px¯q. (3.15)
Hence, e
pm1,m2q
k px, x¯; qq is a homogeneous polynomial of degree k of the variables x and x¯,
and this polynomial vanishes for k ą m1 `m2. It may be noted that, for the particular
case q “ 1, (3.14) reduces to
m1ź
i“1
p1´ txiq
m2ź
j“1
p1´ tx¯jq “
m1`m2ÿ
k“0
p´1qk tk epm1,m2qk px, x¯; q “ 1q. (3.16)
Comparing this equation with the direct expansion of
m1ś
i“1
p1 ´ txiq
m2ś
j“1
p1´ tx¯jq by using
(3.7), we find that
e
pm1,m2q
k px, x¯; q “ 1q “ epm1`m2qk px, x¯q , (3.17)
where e
pm1`m2q
k px, x¯q ” epmqk pxq, with x ” x, x¯. Hence epm1,m2qk px, x¯; qq in (3.15) may be
considered as a particular type of q-deformation of the elementary symmetric polynomial
e
pm1`m2q
k px, x¯q. Moreover, since epm2qk´r px¯q is a homogeneous polynomial of degree k ´ r,
Eq. (3.15) can also be expressed as
e
pm1,m2q
k px, x¯; qq “
kÿ
r“0
epm1qr pxqepm2qk´r pqx¯q “ epm1`m2qk px, x¯q|x¯Ñqx¯ . (3.18)
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Next, by using the expansion (3.9), we similarly find that
1
n1ś
k“1
p1` tykq
n2ś
j“1
p1` tqy¯lq
“
8ÿ
k“0
p´1qk tk hpn1,n2qk py, y¯; qq , (3.19)
where h
pn1,n2q
k py, y¯; qq is defined as
h
pn1,n2q
k py, y¯; qq ”
kÿ
r“0
qk´r hpn1qr pyq hpn2qk´rpy¯q . (3.20)
Moreover, for the case q “ 1, the above equation yields
h
pn1,n2q
k py, y¯; q “ 1q “ hpn1`n2qk py, y¯q , (3.21)
where h
pn1`n2q
k py, y¯q ” hpnqk pyq, with y ” y, y¯. Hence hpn1,n2qk py, y¯; qq in (3.20) is a homo-
geneous polynomial of degree k of the variables y and y¯, which may be considered as
a q-deformation of the completely symmetric polynomial h
pn1`n2q
k py, y¯q. Also, in anal-
ogy with the case of q-deformed elementary symmetric polynomials, we can rewrite this
h
pn1,n2q
k py, y¯; qq as
h
pn1,n2q
k py, y¯; qq “
kÿ
r“0
hpn1qr pyq hpn2qk´rpqy¯q “ hpn1`n2qk py, y¯q|y¯Ñqy¯ . (3.22)
Combining Eqs. (3.14) and (3.19), we obtain
m1ś
i“1
p1´ txiq
m2ś
j“1
p1´ tqx¯jq
n1ś
k“1
p1` tykq
n2ś
l“1
p1` tqy¯lq
“
8ÿ
k“0
p´1qk tk Epm1,m2|n1,n2qk px, x¯; y, y¯; qq , (3.23)
where E
pm1,m2|n1,n2q
k px, x¯; y, y¯; qq is defined as
E
pm1,m2|n1,n2q
k px, x¯; y, y¯; qq ”
kÿ
k1“0
e
pm1,m2q
k1
px, x¯; qq hpn1,n2qk´k1 py, y¯; qq. (3.24)
Putting q “ 1 in the above equation and also using Eqs.(3.17), (3.21) and (3.12) con-
secutively, we find that
E
pm1,m2|n1,n2q
k px, x¯; y, y¯; q “ 1q “
kÿ
k1“0
e
pm1`m2q
k1
px, x¯q hpn1`n2qk´k1 py, y¯q
“ Epm1`m2|n1`n2qk px, x¯; y, y¯q , (3.25)
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where E
pm1`m2|n1`n2q
k px, x¯; y, y¯q ” Epm|nqk px;yq, with x ” x, x¯ and y ” y, y¯. Thus
E
pm1,m2|n1,n2q
k px, x¯; y, y¯; qq may be seen as a q-deformation of the elementary supersym-
metric polynomial E
pm1`m2|n1`n2q
k px, x¯; y, y¯q. Moreover, by using Eqs. (3.24), (3.18),
(3.22) and (3.12) consecutively, we find that E
pm1,m2|n1,n2q
k px, x¯; y, y¯; qq can be obtained
from E
pm1`m2|n1`n2q
k px, x¯; y, y¯q by scaling some of its variables as
E
pm1,m2|n1,n2q
k px, x¯; y, y¯; qq “ Epm1`m2|n1`n2qk px, x¯; y, y¯q|x¯Ñqx¯,y¯Ñqy¯. (3.26)
Subsequently, expanding both sides of Eq. (3.5) in powers of t by using Eqs. (2.17)
and (3.23), we get
8ÿ
N“0
pq2tqN H
pm1,m2|n1,n2q
B,N px, x¯; y, y¯; qq
pq2qN
“
8ÿ
k“0
8ÿ
s“0
p´1qk tk`s 1pq2qs E
pm1,m2|n1,n2q
k px, x¯; y, y¯; qqHpm1,m2|n1,n2qB,s px, x¯, y, y¯; qq.
Redefining the variable k as k “ N ´ s, one can rewrite the above equation as
8ÿ
N“0
pq2tqN H
pm1,m2|n1,n2q
B,N px, x¯; y, y¯; qq
pq2qN
“
8ÿ
N“0
tN
Nÿ
k“0
p´1qk 1pq2qN´k E
pm1,m2|n1,n2q
k px, x¯; y, y¯; qq Hpm1,m2|n1,n2qB,N´k px, x¯; y, y¯; qq.
(3.27)
Comparing the powers of tN from both sides of the above equation, we finally obtain
the following recursion relation
H
pm1,m2|n1,n2q
B,N px, x¯; y, y¯; qq
“
Nÿ
k“1
p´1qk´1 pq
2qN´1
pq2qN´k E
pm1,m2|n1,n2q
k px, x¯; y, y¯; qq Hpm1,m2|n1,n2qB,N´k px, x¯; y, y¯; qq , (3.28)
which involves BCN type of SRS polynomials associated with different number of lattice
sites and fixed values of the internal degrees of freedom. It may be noted that, the above
relation can generate any H
pm1,m2|n1,n2q
B,N px, x¯; y, y¯; qq in a recursive way from the given
initial condition H
pm1,m2|n1,n2q
B,0 px, x¯; y, y¯; qq “ 1. The first few SRS polynomials of BCN
type are found to be
HB,1pqq “ E1pqq , (3.29)
HB,2pqq “ pE1pqqq2 ´ p1´ q2qE2pqq , (3.30)
HB,3pqq “ pE1pqqq3 ` pq2 ´ 1qpq2 ` 2qE1pqqE2pqq ` p1´ q2qp1´ q4qE3pqq , (3.31)
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where we have used the following shorthand notation:
HB,Npqq ” Hpm1,m2|n1,n2qB,N px, x¯; y, y¯; qq , Ekpqq ” Epm1,m2|n1,n2qk px, x¯; y, y¯; qq . p3.32a, bq
By putting x “ 1, x¯ “ 1, y “ 1, y¯ “ 1 in the recursion relation (3.28) and then by using
(2.13), we can also write a similar recursion relation in terms of the partition function
of the BCN type of PF spin chain as
Z
pm1,m2|n1,n2q
B,N pqq
“
Nÿ
k“1
p´1qk´1 pq
2qN´1
pq2qN´k E
pm1,m2|n1,n2q
k px “ 1, x¯ “ 1, y “ 1, y¯ “ 1; qq Zpm1,m2|n1,n2qB,N´k pqq ,
(3.33)
where
E
pm1,m2|n1,n2q
k px “ 1, x¯ “ 1; y “ 1, y¯ “ 1; qq
“
kÿ
r“0
rÿ
s“0
k´rÿ
t“0
qk´t´s Cm1s C
m2
r´s C
n1`t´1
t C
n2`k´r´t´1
k´r´t , (3.34)
obtained by substituting x “ 1, x¯ “ 1; y “ 1, y¯ “ 1 in Eq. (3.24), and subsequently
using Eqs. (3.8), (3.10), (3.15) and (3.20).
4. q-Deformed and restricted super Schur polynomials
It has been found earlier that, super Schur polynomials associated with border strips
play a key role in classifying the degenerate multiplets appearing in the spectra of
AN´1 type of su(m|n) supersymmetric PF spin chains [13]. For the purpose of doing a
similar classification in the case of BCN type of PF spin chains, in this section we shall
prescribe a Jacobi-Trudi like formula to define a q-deformed version of the super Schur
polynomials in terms of the q-deformed elementary supersymmetric polynomials (3.24).
Subsequently, by expanding such q-deformed super Schur polynomials as a power series
of the parameter q, we shall obtain the so called ‘restricted’ super Schur polynomials
which are independent of q. Moreover, we shall present some combinatorial forms for
computing both of the q-deformed and the restricted super Schur polynomials.
It may be noted that, border strips represent a class of irreducible representations of
the Y pglpmqq Yangian algebra (Y pglpm|nqq super Yangian algebra), which span the Fock
spaces of su(m) (su(m|n)) HS and PF spin chains [11, 13]. There exists a one-to-one
correspondence between these border strips and the motifs which we have mentioned
earlier. For a spin chain with N lattice sites, a border strip is denoted as xk1, ..., kry,
where ki’s are some positive integers satisfying the relation
rř
i“1
kr “ N (see Fig. 1), and a
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Figure 1: Shape of the boarder strip xk1, ..., kry, which can be mapped to a motif through Eq. (4.1).
motif is denoted as pδ1, δ2, ..., δN´1q, where δi P t0, 1u. The mapping from such a border
strip to a motif may now be defined as
xk1, ..., kry ñ p0, ..., 0lomon
k1´1
, 1, 0, ..., 0lomon
k2´1
, 1, ...., 1, 0, ..., 0lomon
kr´1
q . (4.1)
The inverse mapping from a motif to a border strip can be obtained by reading a motif
pδ1, δ2, ...., δN´1q from the left and adding a box under (resp. left) the box when δj “ 0
(resp. δj “ 1) is encountered.
For the case of AN´1 type of su(m|n) PF spin chains, the super Schur polynomial
associated with the border strip xk1, k2, ..., kry is defined by using the following Jacobi-
Trudi like determinant formula [13]:
S
pm|nq
xk1,k2,....,kry
px, x¯; y, y¯q “
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
Ekr Ekr`kr´1 ¨ ¨ ¨ ¨ ¨ ¨ Ekr`...`k1
1 Ekr´1 Ekr´1`kr´2 ¨ ¨ ¨ Ekr´1`...`k1
0 1 Ekr´2 ¨ ¨ ¨ Ekr´2`...`k1
...
. . .
. . .
. . .
...
0 ¨ ¨ ¨ 0 1 Ek1
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
, (4.2)
where x ” x1, x2, ¨ ¨ ¨ , xm1 and x¯ ” x¯1, x¯2, ¨ ¨ ¨ , x¯m2 are two sets of bosonic variables
(with total number m “ m1 `m2), y ” y1, y2, ¨ ¨ ¨ , yn1 and y¯ ” y¯1, y¯2, ¨ ¨ ¨ , y¯n2 are two
sets of fermionic variables (with total number n “ n1`n2), and the shorthand notation
Ek is used for the elementary supersymmetric polynomial E
pm|nq
k px;yq (with x ” x, x¯
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and y ” y, y¯) defined in (3.12). In the limit x “ 1, x¯ “ 1, y “ 1, y¯ “ 1, this super Schur
polynomial reduces to
S
pm|nq
xk1,k2,....,kry
px, x¯; y, y¯q|x“1,x¯“1,y“1,y¯“1 “ N pm|nqxk1,k2,...,kry , (4.3)
where N
pm|nq
xk1,k2,...,kry
P Zě0 gives the dimensionality of the irreducible representation of
Y pglpm|nqq super Yangian algebra associated with the border strip xk1, ..., kry or the
corresponding motif. Hence, N
pm|nq
xk1,k2,...,kry
’s also determine the dimensions of the degen-
erate eigenspaces associated with the spectra of the Yangian invariant AN´1 type of
su(m|n) PF spin chains.
In analogy with the Jacobi-Trudi like determinant formula (4.2), let us define a novel
q-dependent super Schur polynomial associated with the border strip xk1, ..., kry by using
the q-deformed elementary supersymmetric polynomials in (3.24) as
S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq “
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
Ekrpqq Ekr`kr´1pqq ¨ ¨ ¨ ¨ ¨ ¨ Ekr`...`k1pqq
1 Ekr´1pqq Ekr´1`kr´2pqq ¨ ¨ ¨ Ekr´1`...`k1pqq
0 1 Ekr´2pqq ¨ ¨ ¨ Ekr´2`...`k1pqq
...
. . .
. . .
. . .
...
0 ¨ ¨ ¨ 0 1 Ek1pqq
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
, (4.4)
where the notation Ekpqq ” Epm1,m2|n1,n2qk px, x¯; y, y¯; qq is used. By putting q “ 1 in the
above determinant and using Eqs. (3.25) and (4.2) consecutively, it can be readily seen
that
S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; q “ 1q “ Spm|nqxk1,k2,....,krypx, x¯; y, y¯q. (4.5)
Thus S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq may be interpreted as a q-deformation of the super Schur
polynomial S
pm|nq
xk1,k2,....,kry
px, x¯; y, y¯q. Moreover, by using Eq. (3.26) along with (4.2) and
(4.4), we obtain a relation like
S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq “ Spm|nqxk1,k2,....,krypx, x¯; y, y¯q|x¯Ñqx¯,y¯Ñqy¯. (4.6)
Since S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯q in (4.2) is a homogeneous polynomial of order N [13], it
follows from the above relation that S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq is also a homogeneous
polynomial of order N in the variables x, x¯; y, y¯. Hence, Eq. (4.6) may be written in an
alternative form like
S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq “ qN ¨ Spm|nqxk1,k2,....,krypx, x¯; y, y¯q|xÑq´1x,yÑq´1y. (4.7)
From Eq. (4.6) it is also evident that, S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq is a polynomial of order
less than or equal to N in the variable q. Consequently, one can formally expand
S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq in a power series of q as
S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq “
Nÿ
l“0
ql ¨ Spm1,m2|n1,n2qxk1,k2,....,kr|ly px, x¯; y, y¯q , (4.8)
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where, according to the terminology used by us, the symbol xk1, k2, ...., kr|ly denotes a
‘branched’ border strip (more precisely, the l-th branch of the border strip xk1, k2, ...., kry)
and S
pm1,m2|n1,n2q
xk1,k2,....,kr|ly
px, x¯; y, y¯q denotes a ‘restricted’ super Schur polynomial corresponding
to the branched border strip xk1, k2, ...., kr|ly. It will be shown shortly that the branched
border strip xk1, k2, ...., kr|ly can be described through a set of skew Young tableaux. By
putting q “ 1 in (4.8) and using (4.5), we find that the super Schur polynomial is related
to these restricted super Schur polynomials as
S
pm|nq
xk1,k2,....,kry
px, x¯; y, y¯q “
Nÿ
l“0
S
pm1,m2|n1,n2q
xk1,k2,....,kr|ly
px, x¯; y, y¯q . (4.9)
In the limit x “ 1, x¯ “ 1, y “ 1, y¯ “ 1, the restricted super Schur polynomial yields
S
pm1,m2|n1,n2q
xk1,k2,....,kr|ly
px, x¯; y, y¯q|x“1,x¯“1,y“1,y¯“1 “ N pm1,m2|n1,n2qxk1,k2,...,kr|ly , (4.10)
where N
pm1,m2|n1,n2q
xk1,k2,...,kr|ly
’s are some non-negative integers which will be determined later.
Inserting x “ x¯ “ y “ y¯ “ 1 in (4.9), and also using (4.3) and (4.10), we obtain
N
pm|nq
xk1,k2,....,kry
“
Nÿ
l“0
N
pm1,m2|n1,n2q
xk1,k2,....,kr|ly
. (4.11)
In analogy with the role played by N
pm|nq
xk1,k2,....,kry
’s for the case of AN´1 type of spin chains,
we shall show in the next section that N
pm1,m2|n1,n2q
xk1,k2,....,kr|ly
’s determine the dimensions of the
degenerate eigenspaces associated with the spectra of the BCN type of PF spin chains.
However, it seems to be difficult to explicitly compute S
pm1,m2|n1,n2q
xk1,k2,....,kr|ly
px, x¯; y, y¯q and its
limiting value N
pm1,m2|n1,n2q
xk1,k2,....,kr|ly
by directly expanding S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq in (4.4) as
a power series of q.
To bypass the above mentioned problem it may be noted that, apart from the de-
terminant relation (4.2), the super Schur polynomial S
pm|nq
xk1,k2,....,kry
px, x¯; y, y¯q can also be
expressed in the following combinatorial form [16, 18]. To begin with, let us recall that
a skew Young tableau associated with the border strip xk1, k2, ...., kry is constructed by
filling up this border strip with the numbers 1, 2, ...., m`n, such that their arrangement
obey two rules given by:
(i) Entries in each row are increasing, allowing the repetition of elements in ti|i P
S
pm1q
`,` YSpm2q`,´ u, but not permitting the repetition of elements in ti|i P Spn1q´,`YSpn2q´,´u,
(ii) Entries in each column are increasing, allowing the repetition of elements in ti|i P
S
pn1q
´,` YSpn2q´,´u but not permitting the repetition of elements in ti|i P Spm1q`,` YSpm2q`,´ u,
where the sets S
pm1q
`,` , S
pm2q
`,´ , S
pn1q
´,` and S
pn2q
´,´ are defined in (2.3). Let G be the set of all
skew Young tableaux which are obtained by filling up the border strip xk1, k2, ...., kry
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through the above mentioned rules. The combinatorial form of S
pm|nq
xk1,k2,....,kry
px, x¯; y, y¯q
may now be written as
S
pm|nq
xk1,k2,....,kry
px, x¯; y, y¯q “
ÿ
T PG
ewtpT q , (4.12)
where wtpT q is the weight of the tableau T given by
wtpT q “
m`nÿ
α“1
αpT q ¨ ǫα , (4.13)
αpT q denotes the multiplicity of the number α in the tableau T , and the four sets of
variables x, x¯, y, y¯ are defined as
xα ” eǫα , if α P Spm1q`,` ,
x¯α´m1 ” eǫα , if α P Spm2q`,´ ,
yα´pm1`m2q ” eǫα , if α P Spn1q´,` ,
y¯α´pm1`m2`n1q ” eǫα , if α P Spn2q´,´ .
(4.14)
Inserting x “ 1, x¯ “ 1, y “ 1, y¯ “ 1 in (4.12) and comparing it with (4.3), it is easy to
see that N
pm|nq
xk1,k2,...,kry
coincides with the number of distinct tableaux within the set G.
At present, our aim is to suitably modify Eq. (4.12) to obtain the combinatorial
form for both of the q-deformed and restricted super Schur polynomials. Since, due
to Eq. (4.6), x¯ and y¯ in S
pm|nq
xk1,k2,....,kry
px, x¯; y, y¯q should be replaced by qx¯ and qy¯ re-
spectively to obtain S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq, the combinatorial form of the q-deformed
super Schur polynomial can easily be obtained by modifying Eq. (4.12) as
S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq “
ÿ
T PG
qF pT q ewtpT q , (4.15)
where F pT q for the tableau T is given by
F pT q “
m1`m2`n1`n2ÿ
α“1
αpT q f pm1,m2|n1,n2qpαq , (4.16)
and f pm1,m2|n1,n2qpαq is defined as
f pm1,m2|n1,n2qpαq “ 0, if α P Spm1q`,` Y Spn1q´,` ,
“ 1, if α P Spm2q`,´ Y Spn2q´,´ . (4.17)
From Eq. (4.16), it is evident that F pT q is a non-negative integer satisfying the relation
F pT q ď N . Let Gl be the set of all tableaux which are obtained by filling up the border
strip xk1, k2, ...., kry through the previously mentioned rules (i) and (ii), and for which
F pT q “ l, i.e.,
Gl “ t T P G |F pT q “ l u . (4.18)
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Hence, the set G may be written as
G “
ď
0ďlďN
Gl , (4.19)
and (4.15) can be expressed in the form
S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq “
Nÿ
l“0
ql
ÿ
T PGl
ewtpT q . (4.20)
Comparing the above equation with (4.8), we finally obtain the combinatorial form of
the restricted super Schur polynomials as
S
pm1,m2|n1,n2q
xk1,k2,....,kr|ly
px, x¯; y, y¯q “
ÿ
T PGl
ewtpT q . (4.21)
The above equation clearly shows that all information about the branched border strip
xk1, k2, ...., kr|ly is essentially encoded within the set Gl. Substituting x “ 1, x¯ “ 1, y “
1, y¯ “ 1 in (4.21) and using (4.10), we find that
N
pm1,m2|n1,n2q
xk1,k2,....,kr|ly
“ |Gl| , (4.22)
where |Gl| denotes the number of elements in the set Gl.
For the purpose of explaining the above mentioned procedure of computing the q-
deformed and the restricted super Schur polynomials through a particular example, let
us assume that m1 “ 1, m2 “ 1, n1 “ 0, n2 “ 2 and consider the border strip x2, 1y
for N “ 3. In this case, the sets in Eq. (2.3) are given by: Sp1q`,` “ t1u, Sp1q`,´ “ t2u,
S
p0q
´,` “ t u and Sp2q´,´ “ t3, 4u. Moreover, by using Eq. (4.17), we obtain f p1,1|0,2qp1q “ 0,
f p1,1|0,2qp2q “ f p1,1|0,2qp3q “ f p1,1|0,2qp4q “ 1. Now, for each value of l P t0, 1, 2, 3u, we can
construct all possible tableaux T following the rules (i) and (ii) for which F pT q “ l.
For l “ 0, there will be no possible tableau in this case, i.e., G0 “ t u. For l “ 1, the set
of tableaux are given by :
G1“
$&% 11 2 , 11 3 , 11 4
,.- ,
for l “ 2,
G2“
$&% 12 2 , 12 3 , 12 4 , 13 4 , 21 3 , 21 4 , 31 3 , 31 4 , 41 4
,.- ,
and for l “ 3,
G3“
$&% 22 3 , 22 4 , 23 4 , 32 3 , 32 4 , 42 4 , 33 4 , 43 4
,.- .
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Using the combinatorial expression (4.21), the corresponding restricted super Schur
polynomials are obtained as
S
p1,1|0,2q
x2,1|0y px1, x¯1; y¯1, y¯2q “ 0 ,
S
p1,1|0,2q
x2,1|1y px1, x¯1; y¯1, y¯2q “ x21px¯1 ` y¯1 ` y¯2q ,
S
p1,1|0,2q
x2,1|2y px1, x¯1; y¯1, y¯2q “ x1px¯1 ` y¯1 ` y¯2q2 ,
S
p1,1|0,2q
x2,1|3y px1, x¯1; y¯1, y¯2q “ py¯1 ` y¯2qpx¯21 ` x¯1y¯1 ` x¯1y¯2 ` y¯1y¯2q . (4.23)
Inserting x1 “ x¯1 “ y¯1 “ y¯2 “ 1 in the above equation or directly using Eq. (4.22), we
obtain
N
p1,1|0,2q
x2,1|0y “ 0 , N p1,1|0,2qx2,1|1y “ 3 , N p1,1|0,2qx2,1|2y “ 9 , N p1,1|0,2qx2,1|3y “ 8 , (4.24)
Moreover, using Eqs. (4.23) and (4.8), we can write the corresponding q-deformed super
Schur polynomial as
S
p1,1|0,2q
x2,1y px1, x¯1; y¯1, y¯2; qq “ q ¨ x21px¯1 ` y¯1 ` y¯2q ` q2 ¨ x1px¯1 ` y¯1 ` y¯2q2
`q3 ¨ py¯1 ` y¯2qpx¯21 ` x¯1y¯1 ` x¯1y¯2 ` y¯1y¯2q.
(4.25)
In the next section, we shall explain how this type of q-deformed and restricted super
Schur polynomials play an important role in classifying the degenerate multiplets within
the spectra of the BCN type of PF spin chains.
5. Spectra of the BCN type of ferromagnetic PF spin chains
It has been found earlier that the AN´1 type of homogeneous RS polynomials can be
expressed through some suitable linear combinations of the Schur polynomials associated
with the border strips [11]. Similarly, the AN´1 type of homogeneous SRS polynomials
(1.2) can be expressed through super Schur polynomials (4.2) as [13]
H
pm|nq
A,N px,y; qq “
ÿ
~kPPN
q
NpN´1q
2
´
r´1ř
i“1
Ki ¨ Spm|nqxk1,k2,....,krypx, x¯; y, y¯q, (5.1)
where x ” x, x¯, y ” y, y¯, PN denotes the set of all ordered partitions of N , ~k ”
tk1, k2, ..., kru (where r is an integer taking value from 1 to N) is an element of PN and
Ki’s are partial sums given by Ki “
iř
j“1
kj . Substituting x “ x¯ “ y “ y¯ “ 1 in (5.1) and
using (4.3), one obtains
Z
pm|nq
A,N pqq “
ÿ
~kPPN
q
NpN´1q
2
´
r´1ř
i“1
Ki ¨N pm|nqxk1,...,kry , (5.2)
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where Z
pm|nq
A,N pqq denotes the partition function of the AN´1 type of supersymmetric PF
spin chain (1.1). From the structure of Z
pm|nq
A,N pqq in (5.2) it is clear that, the exponent
of q yields the energy level for the spin chain (1.1) associated with the border strip
xk1, ..., kry as
E
pm|nq
xk1,...,kry
“ NpN ´ 1q
2
´
r´1ÿ
i“1
Ki , (5.3)
and the degeneracy of this energy level is given by N
pm|nq
xk1,...,kry
. Using the mapping (4.1)
between the border strips and the motifs, it is easy to show that
r´1ÿ
i“1
Ki “
N´1ÿ
j“1
jδj . (5.4)
Hence, by substituting (5.4) into (5.3), one can write down all energy levels of the
supersymmetric PF spin chain (1.1) in terms of motifs as
E
pm|nq
pδ1,δ2,...,δN´1q
” E pm|nqxk1,...,kry “
N´1ÿ
j“1
jp1´ δjq (5.5)
with degeneracy factor N
pm|nq
pδ1,δ2,...,δN´1q
” N pm|nqxk1,...,kry.
At present, our aim is to express the BCN type of SRS polynomials (2.12) through
the q-deformed and the restricted super Schur polynomials which have been defined
in Sec. 4 and subsequently use such expression for classifying the degenerate multiplets
within the spectra of the BCN type of ferromagnetic PF spin chains (2.9) with SAPSRO.
For this purpose, in analogy with H
pm|nq
A,N px,y; qq appearing in Eq. (5.1), let us define a
polynomial F
pm1,m2|n1,n2q
N px, x¯; y, y¯; qq for N ą 0 as
F
pm1,m2|n1,n2q
N px, x¯; y, y¯; qq “
ÿ
~kPPN
q
NpN´1q´2
r´1ř
i“1
Ki ¨ Spm1,m2|n1,n2qxk1,...,kry px, x¯; y, y¯; qq , (5.6)
and also assume that F
pm1,m2|n1,n2q
0
px, x¯; y, y¯; qq “ 1. Let us now evaluate the polynomial
F
pm1,m2|n1,n2q
N px, x¯; y, y¯; qq for the cases N “ 1, 2 and 3, by using shorthand notations like
FNpqq ” F pm1,m2|n1,n2qN px, x¯; y, y¯; qq , Sxk1,...,krypqq ” Spm1,m2|n1,n2qxk1,...,kry px, x¯; y, y¯; qq ,
for sake of brevity. For the case N “ 1, Eqs. (5.6) and (4.4) imply that
F1pqq “ Sx1ypqq “ E1pqq . (5.7)
Similarly, for the cases N “ 2 and N “ 3, we obtain
F2pqq “ q2 ¨ Sx2ypqq ` Sx1,1ypqq
“ q2 ¨ E2pqq `
∣
∣
∣
∣
E1pqq E2pqq
1 E1pqq
∣
∣
∣
∣
“ E2
1
pqq ` pq2 ´ 1qE2pqq , (5.8)
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and
F3pqq “ q6 ¨ Sx3ypqq ` q4 ¨ Sx1,2ypqq ` q2 ¨ Sx2,1ypqq ` Sx1,1,1ypqq
“ q6 ¨ E3pqq ` q4 ¨
∣
∣
∣
∣
E2pqq E3pqq
1 E1pqq
∣
∣
∣
∣
` q2 ¨
∣
∣
∣
∣
E1pqq E3pqq
1 E2pqq
∣
∣
∣
∣
`
∣
∣
∣
∣
∣
∣
E1pqq E2pqq E3pqq
1 E1pqq E2pqq
0 1 E1pqq
∣
∣
∣
∣
∣
∣
“ E3
1
pqq ` pq2 ´ 1qpq2 ` 2qE1pqqE2pqq ` p1´ q2qp1´ q4qE3pqq. (5.9)
It can be readily seen that the right hand sides of Eqs. (5.7), (5.8) and (5.9) exactly
match with those of Eqs. (3.29), (3.30) and (3.31) respectively. This result strongly
suggests that the equality
H
pm1,m2|n1,n2q
N px, x¯; y, y¯; qq “ F pm1,m2|n1,n2qN px, x¯; y, y¯; qq , (5.10)
would hold for arbitrary values of N . In the following, we shall give a proof of this
statement by using a procedure similar to what has been described in Appendix A of
Ref. [11] for the case of AN´1 type of PF spin chain.
Expanding the determinant formula (4.4) along its first row, we obtain a recursion
relation for the q-deformed super Schur polynomials as
S
pm1,m2|n1,n2q
xk1,k2,....,kry
px, x¯; y, y¯; qq “
sÿ
r“1
p´1qs`1Ekr`kr´1`¨¨¨`kr´s`1pqqSpm1,m2|n1,n2qxk1,k2,....,kr´sypx, x¯; y, y¯; qq.
(5.11)
Substituting the above recursion relation into Eq. (5.6), we can rewrite the polynomial
F
pm1,m2|n1,n2q
N px, x¯; y, y¯; qq in the following form for any N ě 1:
F
pm1,m2|n1,n2q
N px, x¯; y, y¯; qq “
Nÿ
k“1
AN,kpq2qEkpqqF pm1,m2|n1,n2qN´k px, x¯; y, y¯; qq , (5.12)
where
AN,kpq2q “
kÿ
j“1
ÿ
l1`...`lj“k
p´1qj`1pq2qCN,kpl1,...,ljq , (5.13)
with
CN,kpl1, ..., ljq “ 1
2
NpN ` 1q ´ 1
2
pN ´ kqpN ´ k ` 1q ´
jÿ
i“1
pl1 ` ...` li `N ´ kq
“ Npk ´ jq ´ 1
2
kpk ` 1q `
jÿ
i“1
ili.
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It may be noted that exactly this form of CN,kpl1, ..., ljq has appeared earlier in Eq. (A.6)
of Ref. [11]. Hence, by using the method of latter reference, we compute the function
AN,kpq2q in (5.13) as
AN,kpq2q “ p´1qk`1 pq
2qN´1
pq2qN´k .
Substituting the above expression ofAN,kpq2q into Eq. (5.12), we find that the polynomial
F
pm1,m2|n1,n2q
N px, x¯; y, y¯; qq satisfies the recursion relation
F
pm1,m2|n1,n2q
N px, x¯; y, y¯; qq “
Nÿ
k“1
p´1qk`1 pq
2qN´1
pq2qN´k EkpqqF
pm1,m2|n1,n2q
N´k px, x¯; y, y¯; qq .
(5.14)
It may be noted that the form of above recursion relation coincides with that of (3.28)
satisfied by the BCN type of SRS polynomials. Since the BCN type of SRS polyno-
mials are uniquely determined by the recursion relation (3.28) and the initial condition
H
pm1,m2|n1,n2q
B,0 px, x¯; y, y¯; qq “ 1, the equality (5.10) is proved for arbitrary values of N .
Combining Eqs. (5.10) and (5.6), we obtain the desired expression for BCN type of
SRS polynomials in terms of linear combinations of q-deformed super Schur polynomials
as
H
pm1,m2|n1,n2q
N px, x¯; y, y¯; qq “
ÿ
~kPPN
q
NpN´1q´2
r´1ř
i“1
Ki ¨ Spm1,m2|n1,n2qxk1,...,kry px, x¯; y, y¯; qq. (5.15)
Substituting the expansion of S
pm1,m2|n1,n2q
xk1,...,kry
px, x¯; y, y¯; qq in (4.8) to (5.15), we further
express the BCN type of SRS polynomials through restricted super Schur polynomials
as
H
pm1,m2|n1,n2q
B,N px, x¯, y, y¯; qq “
ÿ
~kPPN
Nÿ
l“0
q
NpN´1q´2
r´1ř
i“1
Ki`l ¨ Spm1,m2|n1,n2qxk1,...,kr|ly px, x¯, y, y¯q. (5.16)
Inserting x “ x¯ “ y “ y¯ “ 1 in Eq. (5.16) and subsequently using Eqs. (2.13) as well as
(4.10), we find that the partition function of the BCN type of PF spin chain (2.9) can
be written as
Z
pm1,m2|n1,n2q
B,N pqq “
ÿ
~kPPN
Nÿ
l“0
q
NpN´1q´2
r´1ř
i“1
Ki`l ¨N pm1,m2|n1,n2qxk1,...,kr|ly . (5.17)
From the structure of Z
pm1,m2|n1,n2q
B,N pqq in (5.17) it is evident that, the exponent of q
yields the energy level of the spin chain (2.9) corresponding to the branched border
strip xk1, ..., kr|ly as
E
pm1,m2|n1,n2q
xk1,...,kr|ly
“ NpN ´ 1q ´ 2
r´1ÿ
i“1
Ki ` l , (5.18)
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and the degeneracy of this energy level is given by N
pm1,m2|n1,n2q
xk1,...,kr|ly
. In analogy with
Eq. (4.1), we may now construct a one-to-one mapping between branched border strips
like xk1, ..., kr|ly and branched motifs like pδ1, δ2, ..., δN´1|lq as
xk1, ..., kr|ly ñ
¨˝
0, ..., 0lomon
k1´1
, 1, 0, ..., 0lomon
k2´1
, 1, ...., 1, 0, ..., 0lomon
kr´1
|l‚˛ . (5.19)
Hence, by inserting (5.4) into (5.18), we finally obtain the energy level of the BCN type of
PF spin chain with SAPSRO (2.9) associated with the branched motif pδ1, δ2, ..., δN´1|lq
as
E
pm1,m2|n1,n2q
pδ1,δ2,...,δN´1|lq
” E pm1,m2|n1,n2qxk1,...,kr|ly “ 2
N´1ÿ
j“1
jp1´ δjq ` l , (5.20)
with degeneracy factor given by N
pm1,m2|n1,n2q
pδ1,δ2,...,δN´1|lq
” N pm1,m2|n1,n2qxk1,...,kr|ly , which can be computed
by using Eq. (4.22). One may observe that, the dimension of the Hilbert space associated
with the spin chain (2.9) is given by d1 “ pm` nqN and the highest possible number of
distinct energy levels of the form (5.20) is given by d2 “ 2N´1pN ` 1q. Since d1 and d2
satisfy the relation
ln
ˆ
d2
d1
˙
“ ln pN ` 1q ´N ln
´m` n
2
¯
´ ln 2 ,
assuming m`n ą 2 and taking N Ñ 8 limit we find that ln
´
d2
d1
¯
“ O plnNq´O pNq Ñ
´8, i.e., d2
d1
Ñ 0. This result clearly indicates that, in general, the energy levels of BCN
type of PF spin chain are highly degenerate for large values of N .
It should be noted that, if the degeneracy factor N
pm1,m2|n1,n2q
xk1,...,kr|ly
becomes zero for some
choice of the discrete parameters m1, m2, n1, n2, and branched motif pδ1, δ2, ..., δN´1|lq,
then the energy level E
pm1,m2|n1,n2q
pδ1,δ2,...,δN´1|lq
in (5.20) would be absent from the spectrum of the
corresponding spin chain. For example, in the case of BCN type of bosonic PF spin
chain with m1 ` m2 “ m ě 2 and n1 “ n2 “ 0, rule (i) of Sec. 4 implies that at
most m boxes can placed in any column of a border strip. As a result, branched border
strips like xk1, ..., kr|ly with ki ď m can only give nontrivial values of N pm1,m2|n1,n2qxk1,...,kr|ly .
Hence, by using the mapping (5.19), we find that branched motifs like pδ1, δ2, ..., δN´1|lq
with more than pm ´ 1q consecutive δi “ 0 do not appear in the spectrum of this
spin chain. Similarly, by using the rule (ii) of Sec. 4, one can show that branched
motifs like pδ1, δ2, ..., δN´1|lq with more than pn ´ 1q consecutive δi “ 1 do not appear
in the spectrum of the BCN type of fermionic PF spin chain with m1 “ m2 “ 0 and
n1 ` n2 “ n ě 2. Similar type of ‘selection rules,’ giving restrictions on possible values
of δi within the motif pδ1, δ2, ..., δN´1q, have been found earlier in the context of AN´1
type of non-supersymmetric HS and PF spin chains [5, 43].
However it is worth noting that, apart from the above mentioned restrictions on
possible values of δi, some restriction on allowed values of l may also be present for the
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case of branched motif pδ1, δ2, ..., δN´1|lq. Such restriction on possible values of l leads
to a new type of selection rule for the case of some BCN type of PF spin chains. To
demonstrate the existence of the latter type of selection rule through a simple example,
let us consider a BCN type of PF spin chain (2.9) with discrete parameters given by
m1 “ m, m2 “ 0, n1 “ n, n2 “ 0, where m` n ě 2. In this case, Eq. (2.5) implies that
fpsiq “ 0 for all possible value of the local spin si. As a result, P pm,0|n,0qi defined in (2.6)
becomes an identity operator and rP pm,0|n,0qij reduces to the spin permutation operator
P
pm|nq
ij . Therefore, in this special case, the Hamiltonian (2.9) of the BCN type of PF
spin chain can be expressed in a simple form like
H
pm,0|n,0q
N “
ÿ
i‰j
yi ` yj
pyi ´ yjq2 p1´ P
pm|nq
ij q , (5.21)
where yj’s are the roots of the the generalized Laguerre polynomial L
β´1
N as mentioned
earlier. Similarly it can be shown that, in another special case with discrete parameters
given by m1 “ 0, m2 “ m, n1 “ 0, n2 “ n, the corresponding Hamiltonian Hp0,m|0,nqN
would coincide with H
pm,0|n,0q
N in (5.21) up to an insignificant additive constant.
For the purpose of finding out the allowed branched motifs associated with Hamil-
tonian H
pm,0|n,0q
N in (5.21), we use Eq. (4.17) to find that f
pm,0|n,0qpαq “ 0 for all possible
value of α. Hence, Eqs. (4.16), (4.18) and (4.22) imply that FpT q “ 0 for any T P G,
Gl “ t u for l ą 0, and N pm,0|n,0qxk1,...,kr|ly “ 0 for l ą 0. As a consequence, the spectrum of
H
pm,0|n,0q
N in (5.21) obeys a selection rule which forbids the occurrence of branched motifs
like pδ1, δ2, ..., δN´1|lq for l ą 0. Therefore, by putting l “ 0 in (5.20), we find that the
allowed energy levels of the Hamiltonian H
pm,0|n,0q
N can in general be written in the form
E
pm,0|n,0q
pδ1,δ2,...,δN´1|0q
“ 2
N´1ÿ
j“1
jp1´ δjq . (5.22)
Using the rules (i) and (ii) of Sec. 4, it is easy to see that δi’s in the above equation
can be chosen without any restriction when both m and n take nonzero values. On the
other hand, as we have already mentioned earlier, more than (m´1) number of (pn´1q
number of) consecutive δi “ 0 (δi “ 1) would not appear in the above equation in the
special case n “ 0 (m “ 0). Comparing Eq. (5.22) with Eq. (5.5), we interestingly find
that
E
pm,0|n,0q
pδ1,δ2,...,δN´1|0q
“ 2 E pm|nqpδ1,δ2,...,δN´1q , (5.23)
and, by inserting N
pm,0|n,0q
xk1,...,kr|ly
“ 0 for l ą 0 in Eq. (4.11), we also get
N
pm,0|n,0q
xk1,k2,....,kr|0y
“ N pm|nqxk1,k2,....,kry . (5.24)
Eqs. (5.23) and (5.24) clearly show that, except for an overall scale factor of two, the
spectrum of the BCN type of PF chain with Hamiltonian H
pm,0|n,0q
N in (5.21) coincides
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with that of the AN´1 type of supersymmetric PF chain with Hamiltonian H
pm|nq
N in
(1.1). Thus the HamiltoniansH
pm,0|n,0q
N and 2H
pm|nq
N must be connected through a unitary
transformation. It is well known that the latter Hamiltonian exhibits Y pglpmqq Yangian
symmetry in the special case n “ 0, Y pglpnqq Yangian symmetry in the special case m “
0, and Y pglpm|nqq super Yangian symmetry when both m and n take nonzero values.
Hence, Eqs. (5.23) and (5.24) imply that the Hamiltonian H
pm,0|n,0q
N (and the related
Hamiltonian H
p0,m|0,nq
N ) would also exhibit Y pglpmqq Yangian symmetry in the special
case n “ 0, Y pglpnqq Yangian symmetry in the special case m “ 0, and Y pglpm|nqq
super Yangian symmetry when both m and n take nonzero values.
Let us now consider the class of Hamiltonians of the BCN type of PF spin chains
(2.9), which can not be expressed in the above mentioned simple forms H
pm,0|n,0q
N and
H
p0,m|0,nq
N . It is interesting to observe that, Eq. (4.11) establishes a connection between
the spectrum of a BCN type of PF chain with Hamiltonian H
pm1,m2|n1,n2q
N and that of the
AN´1 type of supersymmetric PF chain with Hamiltonian H
pm|nq
N in (1.1), where m “
m1 `m2 and n “ n1 ` n2. More precisely, Eq. (4.11) shows that the degeneracy factor
of the energy level (of the later spin chain) associated with the motif pδ1, δ2, ..., δN´1q
is exactly same as the sum of degeneracy factors of all possible energy levels (of the
former spin chain) associated with branched motifs of the form pδ1, δ2, ..., δN´1|lq over
the variable l. This type of splitting of energy levels, between two quantum systems
occupying the same Hilbert space, can only appear when an irreducible representation
associated with the bigger symmetry algebra of one quantum system is expressed as a
direct sum of several irreducible representations associated with the smaller symmetry
subalgebra of the other quantum system. Hence we conclude that, the symmetry algebra
of the presently considered class of BCN type of PF spin chains (2.9) would be a proper
subalgebra of the i) Y pglpmqq Yangian algebra when n “ 0 and m1, m2 are positive
integers, ii) Y pglpnqq Yangian algebra when m “ 0 and n1, n2 are positive integers,
iii) Y pglpm|nqq super Yangian algebra when m, n are positive integers and neither the
relation m1 “ n1 “ 0 nor m2 “ n2 “ 0 is satisfied.
From the above discussion it is clear that, BCN type of PF spin chains with Hamilto-
nians of the form H
pm,0|n,0q
N and H
p0,m|0,nq
N possess the maximal Yangian or super Yangian
symmetry. Indeed, by combining Eqs. (4.11) and (5.24) we find the relation
N
pm,0|n,0q
xk1,k2,....,kr|0y
“
Nÿ
l“0
N
pm1,m2|n1,n2q
xk1,k2,....,kr|ly
, (5.25)
which, along with Eqs. (5.22) and (5.20), implies that each highly degenerate energy
level of the HamiltonianH
pm,0|n,0q
N splits into many parts (depending on admissible values
of l) and transforms into less degenerate energy levels of the Hamiltonian H
pm1,m2|n1,n2q
N .
In Fig. 2, we have shown how the spectra of some BCN type of ferromagnetic PF
spin chains with N “ 3 are expressed through the branched motifs and compared their
spectra in two diagrams. In the left diagram, we have compared the spectra of two
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Figure 2: The spectra of some BCN type of ferromagnetic PF spin chains are expressed through the
branched motifs and compared in this figure. The left diagram compares the spectra of two bosonic spin
chains with Hamiltonians H
p3,0|0,0q
3
and H
p2,1|0,0q
3
. Similarly, the right diagram compares the spectra of
two spin chains with Hamiltonians H
p2,0|2,0q
3
and H
p1,1|0,2q
3
, which have both bosonic and fermionic spin
degrees of freedom. Integers on the right hand side of the energy levels indicate the degeneracy factors
of the corresponding branched motifs.
bosonic spin chains with Hamiltonians H
p3,0|0,0q
3
and H
p2,1|0,0q
3
. In particular, we have
shown that the energy levels of the former Hamiltonian split due to the possible non-
zero values of l and transform into the energy levels of the later Hamiltonian. It may
also be noted that the branched motifs p01|3q, p10|3q, p00|0q, p00|2q and p00|3q are absent
in the spectrum of the later spin chain, since the corresponding degeneracy factors are
found to be zero by using (4.22). Similarly, in the right diagram, we have compared
the spectra of two spin chains with Hamiltonians H
p2,0|2,0q
3
and H
p2,0|0,2q
3
which have both
bosonic and fermionic spin degrees of freedom, and shown how the energy levels of the
former Hamiltonian split into the energy levels of the later Hamiltonian. The branched
motifs p01|0q, p10|0q, p00|0q and p00|1q are absent in the spectrum of the later spin chain
since the corresponding degeneracy factors are found to be zero.
It should be noted that, in addition to the intrinsic degeneracy of the energy level
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E
pm1,m2|n1,n2q
pδ1,δ2,¨¨¨ ,δN´1|lq
given by N
pm1,m2|n1,n2q
xk1,k2,...,kr|ly
, accidental degeneracies may also occur in the
spectrum of the BCN type of PF spin chain. For example, let us assume that there
exist two different branched motifs pδ1, δ2, ..., δN´1|lq and pδ11, δ12, ..., δ1N´1|l1q such that
2
N´1ÿ
j“1
jδj ´ l “ 2
N´1ÿ
j“1
jδ
1
j ´ l
1
.
Since by using (5.20) one obtains E
pm1,m2|n1,n2q
pδ1,δ2,¨¨¨ ,δN´1|lq
“ E pm1,m2|n1,n2q
pδ
1
1
,δ
1
2
,¨¨¨ ,δ
1
N´1|l
1q
, the energy levels
associated with branched motifs pδ1, δ2, ..., δN´1|lq and pδ11, δ12, ..., δ1N´1|l1q coincide with
each other. In this case, the total degeneracy of the corresponding energy level becomes
the sum of the degeneracy factors associated with these two branched motifs. In fact, for
some choices of the parameters m1, m2, n1, n2 and values of N , there may exist multiple
branched motifs with same energy level and in that case, the corresponding degeneracy
will be the sum of degeneracies associated with all of these branched motifs. As shown
in Fig. 2, due to the accidental degeneracy in the spectrum of Hamiltonian H
p2,1|0,0q
3
, the
energy levels corresponding to the branched motifs p11|2q, p11|3q and p01|2q coincide with
those of the branched motifs p01|0q, p01|1q and p10|0q respectively. Similarly, for the case
of Hamiltonian H
p1,1|0,2q
3
, the energy levels corresponding to the branched motifs p11|3q
and p01|3q coincide with those of the branched motifs p01|1q and p10|1q respectively.
6. Spectra of the BCN type of anti-ferromagnetic PF spin chain
In analogy with the ferromagnetic case, the Hamiltonian for a class of exactly solvable
BCN type of anti-ferromagnetic PF spin chains with SAPSRO may be defined as
rHpm1,m2|n1,n2qN “ Nÿ
i,j“1
i‰j
«
1` P pm|nqij
pξi ´ ξjq2 `
1` rP pm1,m2|n1,n2qij
pξi ` ξjq2
ff
` β
Nÿ
i“1
1` P pm1,m2|n1,n2qi
ξ2i
. (6.1)
It has been found that BCN type of SRS polynomials of the second kind play the role of
generalized partition functions for these anti-ferromagnetic PF spin chains [50]. In this
section, at first we shall derive a recursion relation similar to (3.28) involving BCN type
of SRS polynomials of the second kind. Subsequently, by using the above mentioned
recursion relation, we shall express the later type of SRS polynomials through restricted
super Schur polynomials and find out the energy levels of anti-ferromagnetic PF spin
chains (6.1)in terms of branched motifs.
By using the freezing trick, partition functions of the anti-ferromagnetic PF spin
chains (6.1) have been derived in the form [50]
rZpm1,m2|n1,n2qB,N pqq “ ÿ
ai, bj , ck, dl P Zě0
m1ř
i“1
ai`
m2ř
j“1
bj`
n1ř
k“1
ck`
n2ř
l“1
dl“N
pq2qN ¨ q
m1ř
i“1
a2i`
m2ř
j“1
bjpbj´1q`
n1ř
k“1
ck
m1ś
i“1
pq2qai
m2ś
j“1
pq2qbj
n1ś
k“1
pq2qck
n2ś
l“1
pq2qdl
. (6.2)
29
It may be noted that these partition functions can be reproduced by taking x “ x¯ “
y “ y¯ “ 1 limit of the BCN type of SRS polynomials of the second kind given byrHpm1,m2|n1,n2qB,N px, x¯; y, y¯; qq
“
ÿ
ai, bj , ck, dl P Zě0
m1ř
i“1
ai`
m2ř
j“1
bj`
n1ř
k“1
ck`
n2ř
l“1
dl“N
pq2qN ¨ q
m1ř
i“1
a2i`
m2ř
j“1
bjpbj´1q`
n1ř
k“1
ck ¨
m1ź
i“1
xaii
pq2qai
m2ź
j“1
px¯jqbj
pq2qbj
n1ź
k“1
yckk
pq2qck
n2ź
l“1
py¯lqdl
pq2qdl
.
(6.3)
Comparing (2.12) with (6.3), it is easy to see that the BCN type of SRS polynomials of
the second and first kind are related asrHpm1,m2|n1,n2qB,N px, x¯, y, y¯; qq “ Hpn2,n1|m2,m1qB,N py¯, y; x¯, x; qq. (6.4)
In analogy with (2.17), the generating function rGpm1,m2|n1,n2qB px, x¯; y, y¯; q; tq corresponding
to rHpm1,m2|n1,n2qB,N px, x¯; y, y¯; qq may be defined as
rGpm1,m2|n1,n2qB px, x¯; y, y¯; q, tq “ 8ÿ
N“0
rHpm1,m2|n1,n2qB,N px, x¯; y, y¯; qq
pq2qN t
N . (6.5)
With the help of Eqs. (2.17), (6.4) and (6.5), this generating function can be related to
the generating function associated with the ferromagnetic case asrGpm1,m2|n1,n2qB px, x¯; y, y¯; q, tq “ Gpn2,n1|m2,m1qB py¯, y; x¯, x; q, tq. (6.6)
By using the above equation along with (2.14), rGpm1,m2|n1,n2qB px, x¯; y, y¯; q, tq can be ex-
pressed asrGpm1,m2|n1,n2qB px, x¯; y, y¯; q, tq “ Gpm1q4 px; q, tq ¨ Gpm2q3 px¯; q, tq ¨ Gpn1q2 py; q, tq ¨ Gpn2q1 py¯; q, tq .
(6.7)
Now, for the purpose of deriving a recursion relation for the BCN type of SRS
polynomials of the second kind, we use Eqs. (3.1), (3.2), (3.3), (3.4) and (6.7), to obtain
a q2-difference relation like
rGpm1,m2|n1,n2qB px, x¯; y, y¯; q, tq “
m1ś
i“1
p1` t q xiq
m2ś
j“1
p1` t x¯jq
n1ś
k“1
p1´ t q ykq
n2ś
l“1
p1´ t y¯lq
rGpm1,m2|n1,n2qB px, x¯; y, y¯; q, q2tq.
(6.8)
In analogy with (3.23), we expand the prefactor in the right hand side of the above
equation in a power series of t as
m1ś
i“1
p1` t q xiq
m2ś
j“1
p1` t x¯jq
n1ś
k“1
p1´ t q ykq
n2ś
l“1
p1´ t y¯lq
“
8ÿ
k“0
tk rEpm1,m2|n1,n2qk px, x¯; y, y¯; qq , (6.9)
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where rEpm1,m2|n1,n2qk px, x¯; y, y¯; qq “ Epm1`m2|n1`n2qk px, x¯; y, y¯q|xÑqx,yÑqy. (6.10)
Thus rEpm1,m2|n1,n2qk px, x¯; y, y¯; qq may be considered as a q-deformation of the second
kind of the elementary supersymmetric polynomial E
pm1`m2|n1`n2q
k px, x¯; y, y¯q. Expand-
ing both sides of Eq. (6.8) in powers of t by using Eqs. (6.5) and (6.9), and subsequently
comparing the powers of tN , we obtain a recursion relation for the BCN type of SRS
polynomials of the second kind asrHpm1,m2|n1,n2qB,N px, x¯; y, y¯; qq
“
Nÿ
k“1
q2pN´kq ¨ pq2qN´1
pq2qN´k
rEpm1,m2|n1,n2qk px, x¯; y, y¯; qq rHpm1,m2|n1,n2qB,N´k px, x¯; y, y¯; qq. (6.11)
The above relation can generate any rHpm1,m2|n1,n2qB,N px, x¯; y, y¯; qq in a recursive way from
the given initial condition rHpm1,m2|n1,n2qB,0 px, x¯; y, y¯; qq “ 1. In analogy with the ferromag-
netic case, we find that rHpm1,m2|n1,n2qB,N px, x¯; y, y¯; qq satisfying the recursion relation (6.11)
can equivalently be expressed as
rHpm1,m2|n1,n2qB,N px, x¯; y, y¯; qq “ ÿ
~kPPN
q
2
r´1ř
i“1
Ki ¨ rSpm1,m2|n1,n2qxk1,...,kry px, x¯; y, y¯; qq , (6.12)
where ~k ” tk1, k2, ..., kru and rSpm1,m2|n1,n2qxk1,...,kry px, x¯; y, y¯; qq is defined as
rSpm1,m2|n1,n2qxk1,k2,....,kry px, x¯; y, y¯; qq “
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
rEkrpqq rEkr`kr´1pqq ¨ ¨ ¨ ¨ ¨ ¨ rEkr`...`k1pqq
1 rEkr´1pqq rEkr´1`kr´2pqq ¨ ¨ ¨ rEkr´1`...`k1pqq
0 1 rEkr´2pqq ¨ ¨ ¨ ...
...
. . .
. . .
. . .
...
0 ¨ ¨ ¨ 0 1 rEk1pqq
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
∣
,
(6.13)
where rEkpqq ” rEpm1,m2|n1,n2qk px, x¯; y, y¯; qq. Using Eqs. (6.13), (6.10) and (4.2), we obtain
the relation rSpm1,m2|n1,n2qxk1,k2,....,kry px, x¯; y, y¯; qq “ Spm|nqxk1,k2,....,krypx, x¯; y, y¯q|xÑqx,yÑqy , (6.14)
which shows that rSpm1,m2|n1,n2qxk1,k2,....,kry px, x¯; y, y¯; qq may be interpreted as a q-deformed super
Schur polynomial of the second kind. Comparing Eq. (4.7) with (6.14), we find that the
q-deformed super Schur polynomials of the first kind and the second kind are related asrSpm1,m2|n1,n2qxk1,k2,....,kry px, x¯; y, y¯; qq “ qNSpm1,m2|n1,n2qxk1,k2,....,kry px, x¯; y, y¯; q´1q . (6.15)
Using the above relation along with (4.8), one can express the q-deformed super Schur
polynomials of the second kind in terms of restricted super Schur polynomials as
rSpm1,m2|n1,n2qxk1,k2,....,kry px, x¯; y, y¯; qq “ Nÿ
l“0
qN´l ¨ Spm1,m2|n1,n2qxk1,k2,....,kr|ly px, x¯; y, y¯q. (6.16)
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Combining Eqs. (6.12) and (6.16), we finally express the BCN type of SRS polynomials
of the second kind through restricted super Schur polynomials as
rHpm1,m2|n1,n2qB,N px, x¯, y, y¯; qq “ ÿ
~kPPN
Nÿ
l“0
q
2
r´1ř
i“1
Ki`N´l ¨ Spm1,m2|n1,n2qxk1,...,kr|ly px, x¯, y, y¯q. (6.17)
Now, putting x “ x¯ “ y “ y¯ “ 1 into (6.17) and also using (4.10), we find that the
partition functions of the BCN type of anti-ferromagnetic PF spin chains (6.1) can be
written as rZpm1,m2|n1,n2qB,N pqq “ rHpm1,m2|n1,n2qB,N px “ 1, x¯ “ 1, y “ 1, y¯ “ 1; qq
“
ÿ
~kPPN
Nÿ
l“0
q
2
r´1ř
i“1
Ki`N´l ¨N pm1,m2|n1,n2qxk1,...,kr|ly . (6.18)
It is evident that, the exponent of q appearing in the r.h.s. of the above equation yields
the energy level for the spin chains (6.1) associated with the branched border strip
xk1, ..., kr|ly as rE pm1,m2|n1,n2qxk1,...,kr|ly “ 2 r´1ÿ
i“1
Ki `N ´ l , (6.19)
and the intrinsic degeneracy of this energy level is given by N
pm1,m2|n1,n2q
xk1,...,kr|ly
. Moreover,
using the mapping defined in (5.19) along with the relation (5.4), the above energy level
can also be written in terms of the corresponding branched motif as
rE pm1,m2|n1,n2qpδ1,...,δN´1|lq “ 2 N´1ÿ
j“1
jδj `N ´ l . (6.20)
It may be noted that the intrinsic degeneracy factors corresponding to the energy lev-
els E
pm1,m2|n1,n2q
pδ1,...,δN´1|lq
(in the ferromagnetic case) and rE pm1,m2|n1,n2qpδ1,...,δN´1|lq (in the anti-ferromagnetic
case) are exactly same. In addition, by summing Eqs. (5.20) and (6.20), we obtain the
relation
E
pm1,m2|n1,n2q
pδ1,...,δN´1|lq
` rE pm1,m2|n1,n2qpδ1,...,δN´1|lq “ 2 N´1ÿ
j“1
j `N “ N2 . (6.21)
Hence, if the spectrum of the ferromagnetic case is completely known, then one can
easily obtain that of the anti-ferromagnetic case and vice-versa. Indeed, Eq. (6.21) is
simply a manifestation of the fact that the sum of two Hamiltonians, corresponding
to the ferromagnetic and anti-ferromagnetic cases given by (2.9) and (6.1) respectively,
yields essentially same relation in operator form:
H
pm1,m2|n1,n2q
N ` rHpm1,m2|n1,n2qN “ 2ÿ
i‰j
“pξi ´ ξjq´2 ` pξi ` ξjq´2‰` 2βÿ
i
ξ´2i “ N2,
where the last sum involving zero points of the generalized Laguerre polynomials has
been computed earlier [25].
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7. Extended boson-fermion duality through microscopic approach
The partition functions of AN´1 type of supersymmetric HS and PF spin chains are
known to obey boson-fermion duality relations [5, 12, 13, 15, 16]. In the case of AN´1
type of supersymmetric HS spin chains, the boson-fermion duality has been derived
earlier by using two different techniques: the first one uses a unitary transformation
which relates the Hamiltonians of the su(m|n) and su(n|m) spin chains and correspond-
ing partition functions, while the second one is a microscopic approach which utilizes a
more fundamental boson-fermion duality relation among the super Schur polynomials
associated with the partition functions of these spin chains [16]. In the case of BCN
type of PF spin chains (2.9) with SAPSRO, a similar type of duality relation has been
obtained by using the first technique as [49]
Z
pm1,m2|n1,n2q
B,N pqq “ qN
2 ¨ Zpn2,n1|m2,m1qB,N pq´1q , (7.1)
which not only involves the exchange of bosonic and fermionic degrees of freedom, but
also involves the exchange of positive and negative parity degrees of freedom associated
with SAPSRO (i.e. , m1 Ø m2 and n1 Ø n2). In this section, our goal is to derive such
‘extended’ boson-fermion duality relation by using the microscopic approach. To this
end, at first we shall derive some duality relations among the q-deformed and the re-
stricted super Schur polynomials which have been introduced in Sec. 4. Subsequently, we
shall show how the duality relation (7.1) emerges as a consequence of more fundamental
duality relations among the q-deformed and the restricted super Schur polynomials.
To begin with, let us note that the AN´1 type of super Schur polynomials satisfy the
boson-fermion duality relation given by [16, 53, 54]
S
pm|nq
x~ky
px, x¯; y, y¯q “ Spn|mq
x~k 1y
py, y¯; x, x¯q , (7.2)
where x~ky ” xk1, k2, ..., kry is the border strip defined in Fig. 1 and x~k 1y ” xk11, ..., k1N´r`1y
is the corresponding conjugate border strip which is obtained by flipping x~ky over its
main diagonal. The structure of this conjugate border strip is shown in Fig. 3. Using
the symmetry of S
pn|mq
x~k
1
y
py, y¯; x, x¯q under the exchange of x Ø x¯ and y Ø y¯, Eq. (7.2)
can be also written as
S
pm|nq
x~ky
px, x¯; y, y¯q “ Spn|mq
x~k 1y
py¯, y; x¯, xq . (7.3)
Multiplying both sides of the above equation with qN , scaling the sets of variables x and
y as xÑ q´1x and y Ñ q´1y respectively, and finally using Eqs. (4.6) as well as (4.7), we
obtain an extended boson-fermion duality relation between two deformed super Schur
polynomials as
S
pm1,m2|n1,n2q
x~ky
px, x¯; y, y¯; qq “ qN ¨ Spn2,n1|m2,m1q
x~k
1
y
py¯, y; x¯, x; q´1q. (7.4)
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¨ ¨ ¨
kr ñð
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kr´2 ñð
¨ ¨ ¨
Figure 3: Shape of the border strip xk
1
1
, k
1
2
, ..., k
1
N´r`1y conjugate to xk1, k2, ..., kry
.
Expanding both sides of the above equation by using (4.8) and redefining the variable
N ´ l as l, we obtain
Nÿ
l“0
ql ¨ Spm1,m2|n1,n2q
x~k|ly
px, x¯; y, y¯q “
Nÿ
l“0
ql ¨ Spn2,n1|m2,m1q
x~k
1
|N´ly
py¯, y; x¯, xq.
Comparing the powers of q in both sides of the above equation, we find that restricted
super Schur polynomials satisfy an extended boson-fermion duality relation of the form
S
pm1,m2|n1,n2q
x~k|ly
px, x¯; y, y¯q “ Spn2,n1|m2,m1q
x~k 1 |N´ly
py¯, y; x¯, xq. (7.5)
Next, we consider the reversed border strip x~krevy ” xkr, kr´1, ..., k1y corresponding to
the border strip x~ky ” xk1, k2, ..., kry, and the reverse conjugate border strip x~k 1revy ”
xk1N´r`1, k1N´r, ..., k1y corresponding to x~k 1y ” xk11, k12, ..., k1N´r`1y. Following the proce-
dure outlined in the Appendix of Ref. [41], it can be easily shown that any q-deformed
super Schur Polynomial, defined through a determinant relation of the form (4.4), would
remain invariant under the reversal of the corresponding border strip:
S
pn2,n1|m2,m1q
x~k 1y
px, x¯; y, y¯; qq “ Spn2,n1|m2,m1q
x~k 1revy
px, x¯; y, y¯; qq . (7.6)
Expanding both sides of the above equation by using (4.8), we find that the restricted
super Schur polynomials also remain invariant under the above mentioned reversal, i.e.,
S
pn2,n1|m2,m1q
x~k 1 |ly
px, x¯; y, y¯q “ Spn2,n1|m2,m1q
x~k 1rev |ly
px, x¯; y, y¯q . (7.7)
Combining Eqs. (7.5) and (7.7), we obtain an extended boson-fermion duality relation
of the form
S
pm1,m2|n1,n2q
x~k|ly
px, x¯; y, y¯q “ Spn2,n1|m2,m1q
x~k 1rev|N´ly
py¯, y; x¯, xq. (7.8)
For our purpose of proving Eq. (7.1), it is also needed to find out a relation between
the partial sums associated with the border strip x~ky and those of the corresponding
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reversed conjugate border strip x~k 1
rev
y. To this end it may be noted that, the set of
partial sums tK 1
1
, K
1
2
, ..., K
1
N´r`1u corresponding to the conjugate border strip x~k 1y are
given by [16]
tK 1
1
, K
1
2
, ..., K
1
N´ru “ tN ´Kr`1, N ´Kr`2, ..., N ´KNu , (7.9)
where tKr`1, Kr`2, ..., KNu represents the set of complementary partial sums corre-
sponding to the border strip x~ky, i.e.,
tKr`1, Kr`2, ..., KNu “ t1, 2, ..., Nu ´ tK1, K2, ..., Kru. (7.10)
Using Eqs. (7.9) and (7.10), and inserting Kr “ N , we get
N´rÿ
i“1
K
1
i “ NpN ´ rq ´
Nÿ
i“r`1
Ki “ NpN ´ rq ´ NpN ´ 1q
2
`
r´1ÿ
i“1
Ki. (7.11)
Next, we note that the sums of the partial sums for the border strip x~ky and the corre-
sponding reversed border strip x~krevy can be written as
r´1ÿ
i“1
Ki “ k1 ` pk1 ` k2q ` ¨ ¨ ¨ ` pk1 ` ¨ ¨ ¨ ` kr´1q “
rÿ
j“1
pr ´ jqkj , (7.12)
and
r´1ÿ
i“1
rKi “ kr ` pkr ` kr´1q ` ¨ ¨ ¨ ` pkr ` ¨ ¨ ¨ ` k2q “ rÿ
j“1
pj ´ 1qkj , (7.13)
respectively, where rKi denotes the i-th partial sum associated with the reversed border
strip x~krevy. Adding Eqs. (7.12) and (7.13), we obtain the relation
r´1ÿ
i“1
Ki `
r´1ÿ
i“1
rKi “ Npr ´ 1q . (7.14)
It is evident that, for the case of conjugate border strip x~k 1y and the reversed conjugate
border strip x~k 1
rev
y, the above relation can be written as
N´rÿ
i“1
K
1
i `
N´rÿ
i“1
rK 1i “ NpN ´ rq , (7.15)
where rK 1i denotes the i-th partial sum associated with the reversed conjugate border
strip x~k 1
rev
y. Combining (7.15) and (7.11), we finally obtain a relation between the partial
sums associated with border strip x~ky and those of x~k 1
rev
y as
r´1ÿ
i“1
Ki “ NpN ´ 1q
2
´
N´rÿ
i“1
rK 1i . (7.16)
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Substituting the relations (7.8) and (7.16) into Eq. (5.16), and making a change of
the summation variables, we obtain
H
pm1,m2|n1,n2q
B,N px, x¯; y, y¯; qq
“ qN2 ¨
ÿ
~k
1
revPPN
Nÿ
l“0
`
q´1
˘ NpN´1q´2N´rř
i“1
rK 1i`l( ¨ Spn2,n1|m2,m1q
x~k 1rev|ly
py¯, y; x¯, xq. (7.17)
It is interesting to observe that, the power of q in Eq. (5.16) and the power of q´1 in
Eq. (7.17) can be represented through essentially same function of the variables ~k and
~k
1
rev
respectively. Consequently, Eq. (7.17) can be expressed in the form
H
pm1,m2|n1,n2q
B,N px, x¯; y, y¯; qq “ qN
2 ¨Hpn2,n1|m2,m1qB,N py¯, y; x¯, x; q´1q. (7.18)
Inserting x “ x¯ “ y “ y¯ “ 1 to the above equation and using (2.13), we finally obtain
the extended boson-fermion duality relation (7.1). Using the results of section 6, it can
be shown that the partition functions associated with BCN type of anti-ferromagnetic
PF spin chains obey similar type of duality relation.
8. Concluding remarks
Here we establish that the spectra of the BCN type of PF spin chains with SAP-
SRO, including the degeneracy factors associated with all energy levels, can be described
completely through the branched motifs. Recently introduced BCN type of multivari-
ate SRS polynomials, which are closely connected with the partition functions of the
above mentioned spin chains, play the central role in our approach. At first, we show
that these SRS polynomials satisfy the recursion relation (3.28) involving a particular
type of q-deformation of the elementary supersymmetric polynomials. With the help
of such q-deformed elementary supersymmetric polynomials, subsequently we define a
few mathematical entities which would be helpful for further analysis. For example,
we use a Jacobi-Trudi like formula (4.4) to define the corresponding q-deformed super
Schur polynomials. Moreover, by expanding these q-deformed super Schur polynomials
in powers of q, we obtain the so called restricted super Schur polynomials. With the
help of skew Young tableaux associated with border strips, we also present some combi-
natorial expressions (4.15) and (4.21) for the q-deformed and the restricted super Schur
polynomials respectively.
Applying the recursion relation (3.28), subsequently we derive novel expressions
(5.15) and (5.16) for the BCN type of SRS polynomials through suitable linear combi-
nations of the q-deformed and the restricted super Schur polynomials respectively. As
shown in Eq. (5.20), the later expressions for the BCN type of SRS polynomials enable
us to describe the spectra of the corresponding ferromagnetic PF spin chains with N
number of lattice sites in terms of the branched motifs like pδ1, δ2, ..., δN´1|lq, where
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δi P t0, 1u and l P t0, 1, ..., Nu. By taking a particular limit of the restricted super Schur
polynomials, we obtain the combinatorial expression (4.22) which determines the intrin-
sic degeneracy of the energy level associated with the branched motif pδ1, δ2, ..., δN´1|lq.
However, as discussed in Section 5, there may exist more than one branched motifs
with coincident energy levels. In that case, the total degeneracy of the coincident en-
ergy level is determined by the sum of the intrinsic degeneracy factors corresponding
to those branched motifs. In analogy with the ferromagnetic case, we also obtain a
complete classification for the spectra of the BCN type of anti-ferromagnetic PF spin
chains through the branched motifs. Moreover, we derive an extended boson-fermion
duality relation (7.5) among the restricted super Schur polynomials and show that the
partition functions of the BCN type of PF spin chains exhibit a similar duality relation.
From Eq. (4.22) one can easily see that the intrinsic degeneracy of the energy level
associated with the branched motif pδ1, δ2, ..., δN´1|lq depends on the discrete parameters
m1, m2, n1, n2 of the Hamiltonian H
pm1,m2|n1,n2q
N in (2.9). It may also be noted that,
Eq. (4.11) establishes an interesting connection between the intrinsic degeneracy factors
corresponding to the energy levels of the BCN type Hamiltonian H
pm1,m2|n1,n2q
N and
those of the AN´1 type of Hamiltonian H
pm|nq
N in (1.1), where m “ m1 `m2 and n “
n1`n2. By using the above mentioned equations, we find that the spectrum of Hpm,0|n,0qN
in (5.21) obeys a selection rule which forbids the occurrence of branched motifs like
pδ1, δ2, ..., δN´1|lqfor l ą 0. Moreover, the nontrivial intrinsic degeneracy of the branched
motif pδ1, δ2, ..., δN´1|0q coincides with that of the usual motif pδ1, δ2, ..., δN´1q associated
with the Hamiltonian H
pm|nq
N . Since the latter Hamiltonian exhibits the Y pglpm|nqq
Yangian symmetry, our analysis indirectly proves that the Hamiltonian H
pm,0|n,0q
N (and
also the related Hamiltonian H
p0,m|0,nq
N ) has the same symmetry. Our analysis using
Eqs. (4.22) and (4.11) also suggests that, except for the above mentioned special cases
where either m1 “ n1 “ 0 or m2 “ n2 “ 0, the symmetry algebra of the Hamiltonian
H
pm1,m2|n1,n2q
N would be a proper subalgebra of the Y pglpm|nqq Yangian algebra. Even
though the symmetry algebras of some spin Calogero models associated with the BCN
root system have been studied earlier [55, 56], as far as we know the symmetry algebras
of the BCN type of PF spin chains like (2.9) have not received much attention. So it
might be interesting as a future study to find out the symmetry algebras of these BCN
type of spin chains and explore how the representations of such symmetry algebras are
connected with the q-deformed and the restricted super Schur polynomials.
Finally, we would like to make a few comments about some further developments
which we are making at present by using the results of this paper. First of all, it is
possible to extend the connection between BCN type of multivariate SRS polynomials
and the partition functions of the BCN type of PF spin chains even in the presence of
the chemical potentials. By using such connection, one can express the complete spec-
tra and partition functions of the BCN type of PF spin chains with chemical potentials
in terms of some one-dimensional classical vertex models. Moreover, by employing the
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transfer matrices associated with those classical vertex models, one can study various
thermodynamic properties and criticality of the BCN type of PF spin chains with chem-
ical potentials. We plan to describe these interesting developments about vertex models
and thermodynamic properties of these spin chains in some forthcoming publications.
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